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Abstract

A signaling pathway transmits information from an upstream system to downstream systems, ide-
ally in a unidirectional fashion. A key obstacle to unidirectional transmission is retroactivity, the
additional reaction flux that affects a system once its species interact with those of downstream
systems. This raises the fundamental question of whether signaling pathways have developed spe-
cialized architectures that overcome retroactivity and transmit unidirectional signals. Here, we
propose a general procedure based on mathematical analysis that provides an answer to this ques-
tion. Using this procedure, we analyze the ability of a variety of signaling architectures to transmit
one-way (from upstream to downstream) signals, as key biological parameters are tuned. We find
that single stage phosphorylation and phosphotransfer systems that transmit signals from a kinase
show a stringent design trade-off that hampers their ability to overcome retroactivity. Interestingly,
cascades of these architectures, which are highly represented in nature, can overcome this trade-
off and thus enable unidirectional transmission. By contrast, phosphotransfer systems, and single
and double phosphorylation cycles that transmit signals from a substrate are unable to mitigate
retroactivity effects, even when cascaded, and hence are not well suited for unidirectional infor-
mation transmission. These results are largely independent of the specific reaction-rate constant
values, and depend on the topology of the architectures. Our results therefore identify signaling
architectures that, allowing unidirectional transmission of signals, embody modular processes that
conserve their input/output behavior across multiple contexts. These findings can be used to de-
compose natural signal transduction networks into modules, and, at the same time, they establish
a library of devices that can be used in synthetic biology to facilitate modular circuit design.

1 Introduction

Cellular signal transduction is typically viewed as a unidirectional transmission of information via
biochemical reactions from an upstream system to multiple downstream systems through signaling
pathways [1]-[7]. However, without the presence of specialized mechanisms, signal transmission via
chemical reactions is not in general unidirectional. In fact, the chemical reactions that allow a
signal to be transmitted from an upstream system to downstream systems also affect the upstream
system due to the resulting reaction flux. This flux is called retroactivity, which is one of the chief
hurdles to one-way transmission of information [8]-[13]. Signaling pathways, typically composed
of phosphorylation, dephosphorylation and phosphotransfer reactions, are highly conserved evolu-
tionarily, such as the MAPK cascade [14] and two-component signaling systems [15]. Thus, the



same pathways act between different upstream and downstream systems in different scenarios and
organisms, facing different effects of retroactivity in different contexts. For signal transmission to
be unidirectional in these different contexts, a signaling pathway should have evolved architectures
that overcome retroactivity. Specifically, these architectures should impart a small retroactivity to
their upstream system (called retroactivity to the input) and should be minimally affected by the
retroactivity imparted to them by their downstream systems (retroactivity to the output).

Phosphorylation-dephosphorylation cycles, phosphotransfer reactions, and cascades of these are
ubiquitous in both prokaryotic and eukaryotic signaling pathways, playing a major role in cell cycle
progression, survival, growth, differentiation and apoptosis [1]-[7], [16]-[19]. Numerous studies have
been conducted to analyze such systems, starting with milestone works by Stadtman and Chock
[20], [21], [22] and Goldbeter et al. [23], [24], [25], which theoretically and experimentally analyzed
phosphorylation cycles and cascades. These systems were further investigated by Kholdenko et al.
[26], [27], [28] and Gomez-Uribe et al. [29], [30]. However, these studies considered signaling cycles
in isolation, and thus did not investigate the effect of retroactivity. The effect of retroactivity on
such systems was theoretically analyzed in the work by Ventura et al. [31], where retroactivity is
treated as a “hidden feedback” to the upstream system. Experimental studies then confirmed the
effects of retroactivity in signaling systems through in vivo experiments on the MAPK cascade [12],
[13] and in vitro experiments on reconstituted covalent modification cycles [9], [11]. These studies
clearly demonstrated that the effects of retroactivity on a signaling system manifest themselves in
two ways. They cause a slow down of the temporal response of the signaling system’s output to its
input and lead to a change of the output’s steady state.

In 2008, Del Vecchio et al. demonstrated theoretically that a single phosphorylation- dephos-
phorylation (PD) cycle with a slow input kinase can attenuate the effect of retroactivity to the
output when the total substrate and phosphatase concentrations of the cycle are increased together
[8]. Essentially, a sufficiently large phosphatase concentration along with relatively large kinetic
rates of modification adjusts the cycle’s internal dynamics very quickly with respect to a relatively
slower input, making any retroactivity-induced delays negligible on the time scale of the signal
being transmitted [32]. A similarly large concentration of total cycle’s substrate ensures that the
output’s steady state is not significantly affected by the presence of downstream sites. These the-
oretical findings were later verified experimentally both in vitro [11] and in vivo [33]. Although a
single PD cycle can attenuate the effect of retroactivity to the output, it is unfortunately unsuitable
for unidirectional signal transmission. In fact, as the substrate concentration is increased, the PD
cycle applies a large retroactivity to the input, causing the input signal to slow down. This was
experimentally observed in [33]. The experimental results of [34] further suggest that a cascade
composed of two PD cycles and a phosphotransfer reaction could overcome both retroactivity to the
input and retroactivity to the output. In [35], it was theoretically found that, for certain parameter
conditions, a cascade of PD cycles could attenuate the upward (from downstream to upstream)
propagation of disturbances applied downstream of the cascade. In [36], a parametric study was
performed on a cascade of single phosphorylation cycles at steady-state, and parametric regimes
in which the cascade would transmit signals either upstream (using retroactivity) or downstream
were numerically determined. These results suggest that specific signaling architectures may be
able to counteract retroactivity. However, to the best of the authors’ knowledge, no attempt has
been made to systematically characterize signaling architectures with respect to their ability to
overcome the effects of retroactivity and therefore enable unidirectional signal transmission.

This work presents a procedure to identify and characterize signaling architectures that can trans-



mit unidirectional signals. We first model a general signaling system based on the underlying
reactions that the species of the signaling system participate in. These reactions result in an ordi-
nary differential equation (ODE) model based on the reaction-rate equations. Based on this general
model, we propose a procedure to evaluate the unidirectional signaling ability of a general signal-
ing architecture that operates on a fast timescale relative to its input. Such a model is valid for
many signaling systems that transmit relatively slower signals, such as those from slowly varying
“clock” proteins that operate on the timescale of the circadian rhythm [37], from proteins signal-
ing nutrient availability [38], or from proteins whose concentration is regulated by transcriptional
networks, which operate on the slower timescale of gene expression [39]. Our framework provides
expressions for retroactivity to the input and to the output as well as the input-output relationship
of the signaling system. These expressions are given in terms of the reaction-rate parameters and
protein concentrations. Based on these expressions, we present a procedure to analyze the ability of
signaling systems to transmit unidirectional signals by tuning their total (modified + unmodified)
protein concentrations. We focus on total protein concentrations as a design parameter because
these appear to be highly variable in natural systems and through the course of evolution. Thus,
it is possible that natural systems themselves use protein concentrations as a design parameter,
optimizing them to improve systems’ performance [40], [41]. Further, protein concentrations are
also an easily tunable quantity in synthetic genetic circuits. The different “dials” that can be used
to tune protein concentration have been characterized in [42]. Protein concentrations have been
tuned in [33] and [34] to show the effect of increasing substrate and phosphatase concentrations
on the retroactivity attenuation properties of a signaling cycle. Thus, we analyze a number of
signaling architectures composed of PD cycles and phosphotransfer systems by tuning total protein
concentrations.

2 Methods

2.1 Problem Definition

In this work, we consider a general signaling system S connected between an upstream and down-
stream system, as shown in Fig. 1A. Here, X is the state-variable vector of S, and each component
of X represents the concentration of a species of system S. System S receives an input from the
upstream system in the form of a protein whose concentration is U, and sends an output to the
downstream system in the form of a protein whose concentration is Y. When this output protein
reacts with the species of the downstream system, whose normalized concentrations are represented
by state variable v, the resulting reaction flux changes the behavior of the upstream system. We
represent this reaction flux as an additional input, 8, to the signaling system. Similarly, when
the input protein from the upstream system reacts with the species of the signaling system, the
resulting reaction flux changes the behavior of the upstream system. We represent this as an input,
R, to the upstream system. We call R the retroactivity to the input of S and 8 the retroactivity to
the output of S, as in [8]. For system S to transmit a unidirectional signal, the effects of R on the
upstream system and of 8§ on the downstream system must be small. Retroactivity to the input R
changes the input from Ujgea to U, where Ujgea is shown in Fig. 1B. Thus, for the effect of R to
be small, the difference between U and Ujqe, must be small. Retroactivity to the output & changes
the output from Yjs (where “is” stands for isolated) to Y, where Yis is shown in Fig 1C, and for the
effect of retroactivity to the output to be small, the difference between Yis and Y must be small.
An ideal unidirectional signaling system is therefore a system where the input Ujgeas is transmitted
from the upstream system to the signaling system without any change imparted by the latter, and
the output Yjs of the signaling system is also transmitted to the downstream system without any
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Figure 1: Interconnections between a signaling system S and its upstream and downstream
systems, along with input, output and retroactivity signals. (A) Full system showing all intercon-
nection signals: U(t) is the input from the upstream system to the signaling system, with state variable
vector X. Y (t) is the output of the signaling system, sent to the downstream system, whose state variable is
v. R is the retroactivity signal from the signaling system to the upstream system (retroactivity to the input
of S), and 8§ is the retroactivity signal from the downstream system to the signaling system (retroactivity
to the output of S). (B) Ideal input Ujgea: output of the upstream system in the absence of the signaling
system (R = 0). (C) Isolated output Yis: output of the signaling system in the absence of the downstream
system (8 = 0). X, denotes the corresponding state of S.

change imparted to it by the downstream system. Based on this concept of ideal unidirectional
signaling system, we then present the following definition of a signaling system that can transmit
information unidirectionally. In order to give this definition, we assume that the proteins (besides
the input species) that compose signaling system S are constitutively produced and therefore their
total concentrations (modified and unmodified) are constant. The vector of these total protein
concentrations is denoted by ©.

Definition 1. We will say that system S is a signaling system that can transmit unidirectional
signals for all inputs U € [0, Uy, if © can be chosen such that the following properties are satisfied:

(i) R is small: this is mathematically characterized by requiring that |Uiqea(t) — U(t)| be small
for all U € [0, Up].

(ii) System S attenuates the effect of § on Y: this is mathematically characterized by requiring
that |Yis(t) — Y'(¢)| be small for all U € [0, Up).

(iii) Input-output relationship: Yis(t) ~ KUis(t)™, for some m > 1, for some K > 0 and for all
U € [0,Us).

Note that Def. 1 specifies that the signaling system must impart a small retroactivity to its input (i)
and attenuate retroactivity to its output (ii). Def. 1(iii) specifies that the output must not saturate
with respect to the input, so that the signal is still propagated downstream by the signaling system.
In particular, Def. 1 specifies that these properties should be satisfied for a full range of inputs and
outputs, implying that these properties must be guaranteed by the features of the signaling system
and cannot be enforced by tuning the amplitudes of inputs and/or outputs.

2.2 Example

As an illustrative example of the effects of R and § on a signaling architecture, we consider a
signaling system S composed of a single PD cycle [8], [11], [33]. The system is shown in Fig.



2A. Tt receives a slowly varying input signal U in the form of kinase concentration Z generated
by an upstream system, and has as the output signal Y the concentration of X*, which in this
example is a transcription factor that binds to promoter sites in the downstream system. Kinase Z
phosphorylates protein X to form X*, which is dephosphorylated by phosphatase M back to X. The
state variables X of S are the concentrations of the species in the cycle, that is, X, M, X*, Cy, Co,
where C; and Cy are the complexes formed by X and Z during phosphorylation, and by X* and
M during dephosphorylation, respectively. The state variable v of the downstream system is the
normalized concentration of C, the complex formed by X* and p (i.e., v = p% where pr is the total
concentration of the downstream promoters). This configuration, where a signaling system has as
downstream system(s) gene expression processes, is common in many organisms as it is often the
case that a transcription factor goes through some form of covalent modification before activating
or repressing gene expression [43]. However, the downstream system could be any other system,
such as another covalent modification process, which interacts with the output through a binding-
unbinding reaction. We denote the total amount of cycle substrate by X = X + X*+C1 +Co+C
and the total amount of phosphatase by M7y = M + Cs.
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Figure 2: Tradeoff between small retroactivity to the input and attenuation of retroactivity
to the output in a single phosphorylation cycle. (A) Single phosphorylation cycle, with input Z as
the kinase: X is phosphorylated by Z to X*, and dephosphorylated by the phosphatase M. X* is the output
and acts on sites p in the downstream system, which is depicted as a gene expression system here. (B)-(E)
Simulation results for ODE model shown in SI Section 5.3 eqn. (22). Simulation parameters are given in
Table 1 in SI Section 5.2. Ideal system is simulated for Zjqea with Xo = My = ppr = 0. Isolated system is
simulated for X;, with pr = 0.

According to Def. 1, we vary the total protein concentrations of the cycle, © = [Xp, Mr], to
investigate the ability of this system to transmit unidirectional signals. To this end, we consider
two extreme cases: first, when the total substrate concentration Xp is low (simulation results in
Figs. 2B, 2C); second, when it is high (simulation results in Figs. 2D, 2E). For both these cases,
we change My proportionally to Xp. This is because, for large Michaelis-Menten constants, we
have an input-output relationship with m =1 and K = ’,2?“ Xr (details in ST Section 5.3, eqn.
(26)) as defined in Def. 1(iii). To maintain the same K for fair comparlson between the two cases,
we vary Mrp proportionally with Xp. Here, K,,; and k; are the Michaelis-Menten constant and



catalytic rate constant for the phosphorylation reaction, and K,,2 and ko are the Michaelis-Menten
constant and catalytic rate constant for the dephosphorylation reaction. These reactions are shown
in eqns. (21) in SI Section 5.3. For the simulation results, we consider a sinusoidal input to see the
dynamic response of the system to a time-varying signal. Results for responses to the step input
are shown in Fig. 10 in SI Section 5.3. For these two cases then, we see from Fig. 2B (and 10B)
that when X7 (and M) is low, R is small, i.e., |Uigeal(t) — U(t)] is small (satisfying requirement
(i) of Def. 1). This is because kinase Z must phosphorylate very little substrate X, and thus, the
reaction flux due to phosphorylation to the upstream system is small. However, as seen in Fig. 2C
(and 10C), for low X7, the signaling system is unable to attenuate 8. The difference | X} — X*|
is large, and requirement (ii) of Def. 1 is not satisfied for low Xp. This large retroactivity to the
output is due to the reduction in the total substrate available for the cycle because of the seques-
tration of X* by the promoter sites in the downstream system. Since X7 is low, this sequestration
results in a large relative change in the amount of total substrate available for the cycle, and thus
interconnection to the downstream system has a large effect on the behavior of the cycle. For the
case when Xp (and Myp) is high, the system shows exactly the opposite behavior. From Fig. 2D
(and 10D), we see that R is high (thus not satisfying requirement (i) of Def. 1), since the kinase
must phosphorylate a large amount of substrate, but 8 is attenuated (satisfying requirement (ii))
since there is enough total substrate available for the cycle even once X* is sequestered. Thus, this
system shows a trade-off: by increasing X7 (and Mrp) we attenuate retroactivity to the output but
do so at the cost of increasing retroactivity to the input. Similarly, by decreasing X (and Mry), we
make retroactivity to the input smaller, but at the cost of being unable to attenuate retroactivity
to the output. Therefore, requirements (i) and (ii) cannot be independently obtained by tuning
XT and MT.

We note that because the signaling reactions, i.e., phosphorylation and dephosphorylation, act
on a faster timescale than the input, the signaling system operates at quasi-steady state and the
output is able to quickly catch up to changes in the input. It has been demonstrated in [32],
[34] that this fast timescale of operation of the signaling system attenuates the temporal effects of
retroactivity to the output, which would otherwise result in the output slowing down in the presence
of the downstream system. Thus, while the high substrate concentration X7 is required to reduce
the effect of retroactivity to the output due to permanent sequestration, timescale separation is
necessary for attenuating the temporal effects of the binding-unbinding reaction flux [32].

2.3 Generalized model

The single phosphorylation cycle, while showing some ability to attenuate retroactivity, is not
able to transmit unidirectional signals due to the trade-off seen above. We therefore study different
architectures of signaling systems, composed of phosphorylation cycles and phosphotransfer systems
which are ubiquitous in natural signal transduction [1]-[7], [14]-[19]. All reactions are modeled as
two step reactions. Phosphorylation and dephosphorylation reactions proceed by first reversibly
forming an intermediate complex, which then irreversibly decomposes into the enzyme and the
product. Phosphotransfer reactions are modeled as reversible two-step reactions resulting in the
transfer of the phosphate group via the formation of an intermediate complex. Based on these
reactions, as well as production and decay of the various species, ODE models are created for the
systems using reaction-rate equations. Reactions for each system analyzed and the corresponding
reaction-rate equation models are shown in SI Sections 5.3-5.10. The following general ODE model



then describes any signaling system architecture in the interconnection topology of Fig. 1A:

d

dg = fo(U,RX, Syv,t) + G1Ar(U, X, Sov),

X
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Here, the variable t represents time, U is the input signal (the concentration of the input species),
X is a vector of concentrations of the species of the signaling system, Y is the output signal (the
concentration of the output species) and v is the state variable of the downstream system. In the
cases that follow, v is the normalized concentration of the complex formed by the output species
Y and its target binding sites p in the downstream system.

The internal dynamics of the upstream system are captured by the reaction-rate vector fy. This
vector includes the production and decay terms for the input species. The internal dynamics of the
signaling system are captured by the reaction-rate vector f;. This vector captures the reactions
that occur between different species within the signaling system. The reaction-rate vector r is
the reaction flux resulting from the reactions between species of the upstream system and those
of the signaling system. Thus, this vector affects the rate of change of both the input species as
well as the species of the signaling system, with corresponding stoichiometry matrices A and B.
The reaction rate vector s represents the additional reaction flux due to the binding-unbinding of
the output protein with the target sites in the downstream system. This vector therefore affects
the rate of change of the downstream species as well as the signaling system, with corresponding
stoichiometric matrices C' and D. These additional reaction fluxes, r and s, affect the temporal
behavior of the input and the output, often slowing them down, as demonstrated previously [11].

The parameter R accounts for decay/degradation of complexes formed by the input species with
species of the signaling system, thus leading to an additional channel for removal of the input
species through their interaction with the signaling system. Similarly, scalar S7 represents decay
of complexes formed by the input species with species of the downstream system. This additional
decay leads to an effective increase in decay of the input, thus affecting its steady-state. As species
of the signaling system are sequestered by the downstream system, their free concentration changes.
This is accounted for by the vectors Sy and Ss.

The retroactivity to the input R indicated in Fig. 1A therefore equals (R,r,S7), which leads to
both steady-state and temporal effects on the input response. The retroactivity to the output 8
of Fig. 1A equals (51, S2,S3, ), which leads to an effect on the output response. For ideal unidi-
rectional signal transmission, the effects of R and 8 must be small. The ideal input of Fig. 1B,
Uideal, is the input when retroactivity to the input R is zero, i.e., when R = S; = r = 0. The
isolated output of Fig. 1C, Yis, is the output when retroactivity to the output 8 is zero, i.e., when
S1 =95 =5=s5=0.

The positive scalar G captures the timescale separation between the reactions of the signaling
system and the dynamics of the input. Since we consider relatively slow inputs, we have that
G1 > 1. The positive scalar G5 captures the timescale separation between the binding-unbinding
rates between the output Y and its target sites p in the downstream system and the dynamics



of the input. Since binding-unbinding reactions also operate on a fast timescale, we have that
G2 > 1. We define € = max <GL17 C%) and thus, € < 1. This allows us to apply techniques from

singular perturbation to simplify and analyze model (1), to arrive at the results presented in the
next section. Details of this analysis are shown in SI Section 5.1.

In Section 3, we outline a procedure to determine if a given signaling system satisfies Def. 1. For
this, we introduce the following definitions. We assume that there exist matrices M and P, and
invertible matrices T" and @ such that:

TA+ MB =0, Mfi =0and QC + PD = 0. (2)
This assumption is usually satisfied in signaling systems [32]. Further, we have:
v = ¢(X) is the solution to s(X,v) =0, (3)

and
X =T'(U) is the solution to Br(U, X, Sqv) + f1(U, X, S3v) = s(X,v) = 0. (4)

We note that, for system (1), terms So, S3, functions f; and I’ depend on the vector of total protein
concentrations, ©.

2.4 Simulations and validity of results

For most systems, we have assumed that the Michaelis-Menten constants for the phosphorylation
and dephosphorylation reactions are larger than protein concentrations. More specific assump-
tions are stated in Sections 3.2-3.6. Our theoretical analysis for the various systems is valid for
all reaction-rate parameters as long as these assumptions are satisfied. Thus, while the simulation
results are performed for specific parameters, the conclusions are robust to changes in these param-
eters. Simulations of the full ODE systems are run on MATLAB, using the numerical ODE solvers
0de23s and odelbs. All simulation parameters are picked from the biologically relevant ranges given
in [35], and are listed in Table 1 in ST Section 5.2.

3 Results

The main result if this paper is two-fold. First, we provide a general procedure to determine whether
any given signaling system enables unidirectional signal transmission. Second, using this procedure,
we analyze the unidirectional signal transmission ability of both common and less frequent signaling
architectures. In particular, we found that most signaling architectures transmit information via
kinases. Therefore, we have analyzed several architectures where this is the case. However, both
nature and a human designer have the option of designing a system that would transmit information
via substrates. Since this is not frequently encountered in natural signaling architectures, we
analyzed whether these designs show a disadvantage to unidirectional signaling, as indeed we find
they do.

3.1 Procedure to determine unidirectional signal transmission

We outline a procedure to determine whether any given signaling system can enable unidirectional
signaling in Fig. 3. First, the reaction-rate equations of the signaling system are written in form
(1), allowing us to note the terms Sy, S2, S3 and R for Step 2. The remaining terms for Step 2 are



computed using equations (2)-(4) in Section 2.3. The terms in Steps 3, 4 and 5 are computed using
the terms in Step 2. The upperbound on |U(t) — Uigeal(t)| is proportional to the terms found in
Step 3, and thus, as these are made small according to Test (i), Def. 1(i) is satisfied. The analysis
giving rise to these terms is shown in Theorem 1 in SI Section 5.1. Similarly, the upperbound on
|Yis(t) — Y (¢)| is proportional to the terms in Step 4, and thus, as these are made small according
to Test (ii), Def. 1(ii) is satisfied. This is derived in Theorem 2 in SI Section 5.1. Theorem 3 in SI
Section 5.1 shows that the input-output relationship for the signaling system can be computed by
Step 5. If this input-output relationship satisfies Test (iii), Def. 1(iii) is satisfied. Once Tests (i)-
(iii) are satisfied, Test (iv) checks if all the requirements for Def. 1 can be achieved simultaneously
by tuning ©. If this is possible, the signaling system is said to be able to transmit a unidirectional
signal.

Note that through this work, © is assumed to be the design parameter, since it is relatively easier
to tune in both natural and synthetic circuits. However, the procedure outlined in Fig. 3 holds
even if different design parameters are chosen.

Step 3: Compute [S16| Step 4: Compute [S1¢],
- tep 2: N ’ .
Step 1: Write SS:p53 Rolt“e il |RL|, ‘T*lj\,[% + EAREAR Step 5: Check if
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Figure 3: Procedure to determine if a given signaling system satisfies Def. 1 for unidirectional
signal transmission.

As an example of the application of the procedure, we consider once again the single PD cycle of
Section 2.2. Steps 1-5 for this system are shown in SI Section 5.3. We find that in order to satisfy
Test (i), we must have small Xp. Further, to satisfy Test (ii), we must have large X7 and Myp.



Finally, computing IT from Step 5, we find that the input-output relationship has K ~ %f\%

with m = 1 when K,,1, K;no > 1. These results are consistent with those described in Section
2.2 as well as previous theoretical and experimental work [8], [11], [33]. We see that there exists
a trade-off between (i) and (ii), i.e., between imparting a small retroactivity to the input and at-
tenuating retroactivity to the output. Thus, © cannot be chosen such that all 3 requirements are
simultaneously satisfied. Test (iv) fails, and the single PD cycle cannot achieve unidirectional signal
transmission.

This way, the above procedure can be used to identify ways to tune the total protein concentration
of a signaling system such that it satisfies Def. 1. Using this procedure, we analyze a number of
signaling architectures, including double phosphorylation systems, phosphotransfer systems, and
multi-stage signaling architectures composed of these. For these architectures, we consider two
types of input signals: a kinase input (highly represented in natural systems), where the input
regulates the rate of phosphorylation, and a substrate input (less frequent in natural systems),
where the input regulates the rate of production of the substrate.

3.2 Double phosphorylation cycle with input as kinase
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Figure 4: Tradeoff between small retroactivity to the input and attenuation of retroactivity
to the output in a double phosphorylation cycle. (A) Double phosphorylation cycle, with input Z
as the kinase: X is phosphorylated by Z to X*, and further on to X**. Both these are dephosphorylated
by the phosphatase M. X** is the output and acts on sites p in the downstream system, which is depicted
as a gene expression system here. (B)-(E) Simulation results for ODE model (34) shown in SI Section 5.4.
Simulation parameters are given in Table 1 in SI Section 5.2. The ideal system is simulated for Zjqea with
X1 = Mr = pr =0. The isolated system for X/* is simulated with pr = 0.

Here, we consider a double phosphorylation cycle with a common kinase Z for both phosphorylation
cycles as the input and the doubly phosphorylated substrate X** as the output. This architecture
is found in the second and third stages of the MAPK cascade, where the kinase phosphorylates
both the threonine and tyrosine sites in a distributive process [44]. This configuration is shown in
Fig. 4A. Referring to Fig. 1A, the input signal U is the concentration Z of the kinase and the
output signal Y is the concentration X** of the doubly phosphorylated substrate X.

10



The input kinase is produced at a time-varying rate k(t). All species dilute with a rate constant
0, and the total promoter concentration in the downstream system is pr. The total substrate
and phosphatase concentrations are Xp and My, respectively. The Michaelis-Menten constants
for the two phosphorylation and the two dephosphorylation reactions are K,,1, K3, Kmne and
K4, respectively. The catalytic reaction rate constants of these reactions are kq, k3, ko and ky,
respectively. The system’s chemical reactions are shown in SI Section 5.4 eqns. (33). As explained
before, the parameters that we tune to investigate retroactivity effects are the total protein con-
centrations of the phosphorylation cycle, that is, X7 and Mp. Specifically, using the procedure in
Fig. 3, we tune X7 and My to verify if this system can transmit a unidirectional signal, according
to Definition 1. Steps 1-5 are detailed in SI Section 5.4. We therefore find what follows.

(i) Retroactivity to the input: Evaluating the terms in Step 3, we find that to satisfy Test (i), we
must have small X—Tl and small Mffgm?) i;gﬁ Thus, to have small retroactivity to the input, the
parameter X7 must be small. (Evaluation of terms in Step 3 is shown in SI Section 5.4).

(ii) Retroactivity to the output: Evaluating the terms in Step 4, we find that to satisfy Test (ii),

we must have small ;}—T and 5% . Thus, to attenuate retroactivity to the output, we must have
T aqg T

large X7 and My. (Evaluation of terms in Step 4 is shown in SI Section 5.4).

(iii) Input-output relationship: Computing IT find that X;3* ~ %m 1\)215 Zfs7 when K1, Ko,
K3, Kia > Zig, Ko > X, Kipa > X0 and My > le Under these assumptlons this system

satisfies Test (iii) by tuning the ratio % to achieve a desired K with m = 2. (Evaluation of Step
T
5 is shown in SI Section 5.4).

This system shows opposing requirements to satisfy Tests (i) and (ii), similar to the single phos-
phorylation cycle. Thus, while each of the requirements of Tests (i)-(iii) are individually satisfied,
the system does not satisfy Test (iv), showing a trade-off that prevents unidirectional signal trans-
mission. Retroactivity to the input is large when substrate concentration X (and Mr) increases,
because the input Z must phosphorylate a large amount of substrate thus leading to a large reac-
tion flux to Z due to the phosphorylation reaction. However, if X7 (and M7) is made small, the
system cannot attenuate the retroactivity to the input, since as the output X** is sequestered by
the downstream system, there is not enough substrate available for the signaling system. Therefore,
Tests (i) and (ii) cannot be independently satisfied.

These mathematical predictions can be appreciated from the numerical simulations of Figs. 4B-4E
with a time-varying input, and from the simulations in Figs. 11B-11E (SI Section 5.4) with a
step-input. This result is summarized in Fig. 9B.

3.3 Regulated autophosphorylation followed by phosphotransfer

We now consider a signaling system composed of a phosphotransfer system, whose phosphate donor
receives the phosphate group via autophosphorylation regulated by protein Z. An instance of this
architecture is found in the bacterial chemotaxis network, where the autophosphorylation of protein
CheA is regulated by a transmembrane receptor (e.g., Tar). CheA then transfers the phosphate
group to protein CheY in a phosphotransfer reaction. CheY further undergoes dephosphorylation
catalyzed by the phosphatase CheZ [45], [46], [47]. A similar mechanism is also present in the
ubiquitous two-component signaling networks, where the sensor protein autophosphorylates upon
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Figure 5: Tradeoff between small retroactivity to the input and attenuation of retroactivity to
the output in a phosphotransfer system. (A) System with phosphorylation followed by phosphotransfer,
with input Z as the kinase: Z phosphorylates X; to Xj. The phosphate group is transferred from X7 to Xs
by a phosphotransfer reaction, forming X3, which is in turn dephosphorylated by the phosphatase M. X3
is the output and acts on sites p in the downstream system, which is depicted as a gene expression system
here. (B)-(E) Simulation results for ODE (54) in SI Section 5.5. Simulation parameters are given in Table
1 in ST Section 5.2. Ideal system is simulated for Zijea with Xp1 = Xpo = My = pr = 0. Isolated system
is simulated for X3,  with pr = 0.

binding to a stimulus (e.g., a ligand) and then transfers the phosphate group to the receptor protein
[48], [15]. We model this regulated autophosphorylation as a phosphorylation reaction with kinase
as input, since in both cases, first an intermediate complex is formed and the protein then undergoes
phosphorylation. This architecture is shown in Fig. 5A. In this case, the input signal U of Fig. 1A
is Z, which is the concentration of the kinase/stimulus Z that regulates the phosphorylation of the
phosphate donor X1, which then transfers the phosphate group to protein Xs. The output signal Y
in Fig. 1A is then X3, which is the concentration of the phosphorylated substrate X5. Protein X3
is dephosphorylated by phosphatase M. Total concentrations of proteins Xi, Xo and M are X7,
Xp9 and My, respectively. The Michaelis-Menten constants for the phosphorylation of X; by Z
and dephosphorylation of X3 by M are K,,,; and K,,3, and the catalytic rate constants of these are
k1 and ks, respectively. The association rate constant of complex formation by X3 and X is as.
These reactions are shown in eqns. (53) in SI Section 5.5. The total concentration of promoter sites
in the downstream system is pp. The input Z is produced at a time-varying rate k(t). As before,
the parameters we change to analyze the system for unidirectional signal transmission are its total
protein concentrations, X71, X179 and Mp. Using the procedure in Fig. 3, we analyze the system’s
ability to transmit unidirectional signals as per Definition 1 as Xp1, X7 and My are varied. This
is done as follows. (Steps 1-5 for this system are shown in SI Section 5.5).

(i) Retroactivity to the input: Evaluating the terms in Step 3, we find that to satisfy Test (i),
we must have small XTl. Thus, for small retroactivity to the input, we must have small Xp;.
(Evaluation of terms in Step 3 is shown in SI Section 5.5).

(ii) Retroactivity to the output: Evaluating the terms in Step 4, we find that to satisfy Test (ii),

)7(’—;2 and a§§(7;1 must be small. Thus, for a small retroactivity to the output, we must have large
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X711 and Xpo. (Evaluation of terms in Step 4 is shown in SI Section 5.5).

(iii) Input-output relationship: Evaluating IT as in Step 5, we find that X ~ ilgm? )A(f; Z when

Ky > Zig and Ky > X5, s Under these assumptions, this system satisfies Test (iii), where a
desired K can be achieved by tuning the ration )]\(/[—TTl with m = 1. (Evaluation of Step 5 is shown
in SI Section 5.5).

In light of (i) and (ii), we note that Tests (i) and (ii) cannot be simultaneously satisfied. Test
(iv) fails, and the system shows a trade-off in attenuating retroactivity to the input and output.
Retroactivity to the input can be made small, by making X7; (and Mr) small, since kinase Z must
phosphorylate less substrate. However, the system with low X7 is unable to attenuate retroactivity
to the output, which requires that Xp; be large. This is because, as the output X3 is sequestered
by the downstream system and undergoes decay as a complex, this acts as an additional channel of
removal for the phosphate group from the system, which was received from Xj. If X7y (and Mr)
is small, this removal of the phosphate group affects the amount of X7 in the system to a larger
extent that when X7y is large. Thus, there exists a trade-off between requirements (i) and (ii) of
Def. 1, and the system does not allow unidirectional signal transmission.

This mathematical analysis is demonstrated in the simulation results shown in Figs. 5B-5E with

a time-varying input, and in the simulation results in Figs. 12B-12E (SI Section 5.5) with a step
input. The discussion is further summarized in Fig. 9B.

3.4 Cascade of single phosphorylation cycles
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Figure 6: Tradeoff between small retroactivity to the input and attenuation of retroactivity
to the output is overcome by a cascade of single phosphorylation cycles. (A) Cascade of 2
phosphorylation cycles that with kinase Z as the input: Z phosphorylates X; to X7, X acts as the kinase
for Xg, phosphorylating it to X3, which is the output, acting on sites p in the downstream system, which
is depicted as a gene expression system here. Xj and X3 are dephosphorylated by phosphatases M; and
My, respectively. (B), (C) Simulation results for ODEs (77) (94) in SI Section 5.7 with N = 2. Simulation
parameters are given in Table 1 in SI Section 5.2. Ideal system is simulated for Zjqea with X717 = Xpo =
Mr = pr = 0. Isolated system is simulated for X3 ;. with pr = 0.

We have now seen three systems that show a trade-off between attenuating retroactivity to the
output and imparting a small retroactivity to the input: the single phosphorylation cycle, the
double phosphorylation cycle and the phosphotransfer system, all with a kinase as input. In all
three cases, the trade-off is due to the fact that, as the total substrate concentration is increased
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to attenuate the effect of retroactivity on the output, the system applies a large retroactivity to
the input. Thus, the requirements (i) and (ii) of Def. 1 cannot be independently achieved. In
[34], a cascade of phosphotransfer systems was found to apply a small retroactivity to the input
and to attenuate retroactivity to the output. Further, cascades of single and double PD cycles
are ubiquitous in cellular signaling, such as in the MAPK cascade [14], [49]. The two-component
signaling system (Section 3.3) is also often the first stage of a cascade of signaling reactions [48],
[15]. Motivated by this, here we consider a cascade of PD cycles to determine how a cascaded
architecture can overcome this trade-off. We have found that single and double PD cycles, and the
phosphotransfer system, show similar properties with respect to unidirectional signal transmission.
Thus, our findings are applicable to all systems composed of cascades of single stage systems, such
as the single PD cycle, the double PD cycle and the phosphotransfer system analyzed in Section
3.3 (simulation results for cascades of different systems are in SI 5.7.1 Fig. 15 and Fig. 16).

We consider a cascade of two single phosphorylation cycles, shown in Fig. 6A. The input signal is
Z, the concentration of kinase Z. Z phosphorylates substrate X; to Xj, which acts as a kinase for
substrate X2, phosphorylating it to X5. X7 and X3 are dephosphorylated by phosphatases M; and
My, respectively. The output signal is X3, the concentration of X3.

The input Z is produced at a time-varying rate k(t), and all species dilute with rate constant
0. The substrate of the cycles are produced at constant rates kx1 and kxo, respectively, and the
phosphatases are produced at constant rates kjs1 and kpso. We then define X = k%s“, Xpo = %,
M = % and Mpy = %. The concentration of promoter sites in the downstream system is pr.
The Michaelis-Menten constants for the phosphorylation and dephosphorylation reactions are K1,
K3, Ko and K4, respectively, and catalytic rate constants are ki1, k3, ko and k4. The chemical
reactions for this system are shown in eqns. (63) in SI Section 5.6. As before, the parameters we
vary to analyze this system’s ability to transmit unidirectional signals are X171, X712, Mr1 and M.
Using the procedure in Fig. 3, we seek to tune these to satisfy the requirements of Def. 1. We find
what follows. (Steps 1-5 are detailed in SI Section 5.6).

(i) Retroactivity to the input: Evaluating the terms in Step 3, we find that to satisfy Test (i), I)é:ll
must be small. Thus, to have a small retroactivity to the input, X7; must be small. (Evaluation
of terms in Step 3 is shown in SI Section 5.6).

(ii) Retroactivity to the output: As before, we evaluate the terms in Step 4, and find that to satisfy

Test (ii), we must have small ;—;2 and afZ}\?/ITT S Thus, to attenuate retroactivity to the output, Mro

and X7 must be large. (Evaluation of terms in Step 4 is shown in SI Section 5.6).

(iii) Input-output relationship: Evaluating IT as in Step 5, we find that the input-output relation-

s o kiks Ko Kms XX .
ship is Xé",is & k;kiKmemi MﬂMﬁ Zis when K1, Koy Kins, Kima > Zis and Mps < Kppy. (Details

are shown in SI Section 5.6). The ratio % can thus be tuned such that the system satisfies
Test (iii) with m = 1. However, if the different stages of the cycle share a common phosphatase,
additional cycles may be required to maintain a linear input-output response [50]. Details of this

analysis are shown in Step 5 of SI Section 5.7.

Finally, we see that Test (iv) is satisfied for this system, since Tests (i)-(iii) can be satisfied si-
multaneously. We thus note that the trade-off between attenuating retroactivity to the output
and imparting small retroactivity to the input, found in single-stage systems is broken by having
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a cascade of two cycles. This is because the input kinase Z only directly interacts with the first
cycle, and thus when X7 is made small, the upstream system faces a small reaction flux due to
the phosphorylation reaction, making retroactivity to the input small. The downstream system
sequesters the species X3, and when Xp9 is made high, there is enough substrate X, available for
the signaling system to be nearly unaffected, thus attenuating retroactivity to the output. This is
verified in Figs. 6B,6C. The trade-off found in the single cycle in Figs. 2B-2E is overcome by the
cascade, where we have tuned M7y and Mps to satisfy requirement (iii) of Def. 1. When the total
substrate concentration for a single cycle is low, the retroactivity to the input is small (Fig. 2B) but
the retroactivity to the output is not attenuated (Fig. 2C). When the total substrate concentration
of this cycle is increased, the retroactivity to the output is attenuated (Fig. 2D) but the input, and
therefore the output, are highly changed due to an increase in the retroactivity to the input (Figs.
2D, 2E). When the same two cycles are cascaded, with the low substrate concentration cycle being
the first and the high substrate concentration cycle being the second (and Mpi, Mpo tuned to
maintain the same gain K as the single cycles), retroactivity to the input is small and retroactivity
to the output is attenuated (Figs. 6B, 6C). Thus, cascading two cycles overcomes the trade-off
found in a single cycle. The same conclusions can also be appreciated from the simulation results
for a step-input response in Fig. 10 in SI Section 5.6.

These results are summarized in Fig. 9E. While the system demonstrated here is a cascade of
single phosphorylation cycles, the same decoupling is true for cascaded systems composed of double
phosphorylation cycles and phosphorylation cycles followed by phosphotransfer, which as we saw in
the previous subsections, show a similar kind of trade-off. Cascades of such systems, with the first
system with a low substrate concentration and the last system with a high substrate concentration
thus both, impart a small retroactivity to the input, and attenuate retroactivity to the output and
are therefore able to transmit unidirectional signals. This can be seen via simulation results in SI
Section 5.7.1, where a cascade of a phosphotransfer system and a single PD cycle is seen in Fig. 15
and a cascade of a single PD cycle and a double PD cycle is seen in Fig. 16.

3.5 Phosphotransfer with the phosphate donor undergoing autophosphoryla-
tion as input

Here, we consider a signaling system composed of a protein X; that undergoes autophosphorylation
and then transfers the phosphate group to a substrate X5, shown in Fig. 7A. In Section 3.3, we
considered a system with regulated autophosphorylation, where the input is a ligand /kinase. In
this Section, motivated by proteins that undergo autophosphorylation and then transfer the phos-
phate group, we consider a system where the input is the protein undergoing autophosphorylation
(substrate input). Based on our literature review, we have not found instances of such systems
in nature, and in this section we investigate whether they might pose a disadvantage to unidi-
rectional signaling. The input signal U of Fig. 1A is Xi, the concentration of protein X; which
undergoes autophosphorylation, and the output signal Y of Fig. 1A is X3, the concentration of
phosphorylated protein X5. The total protein concentrations of substrate X and phosphatase M
are Xpo and My, respectively. The total concentration of promoters in the downstream system is
pr. Autophosphorylation of a protein typically follows a conformational change that either allows
the protein to dimerize and phosphorylate itself, or the conformational change stimulates the phos-
phorylation of the monomer [51]. Here, we model the latter mechanism for autophosphorylation
as a single step with rate constant 7. The Michaelis-Menten constant for the dephosphorylation
of X5 by M is K3 and the association, dissociation and catalytic rate constants for this reaction
are as, d3 and k3. The association and dissociation rate constants for the complex formed by X7
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Figure 7: Attenuation of retroactivity to the output by a phosphotransfer system. (A) System
with autophosphorylation followed by phosphotransfer, with input as protein X; which autophosphorylates
to X3. The phosphate group is transferred from X3 to Xz by a phosphotransfer reaction, forming X3, which
is in turn dephosphorylated by the phosphatase M. X3 is the output and acts on sites p in the downstream
system, which is depicted as a gene expression system here. (B)-(E) Simulation results for ODE (107) in
SI Section 5.8. Simulation parameters are given in Table 1 in SI Section 5.2. Ideal system is simulated for
X1ideal With Xpo = My = m = pp = 0. Isolated system is simulated for Xiis with pr = 0.

and Xy are a; and d, the dissociation rate constant of this complex into X; and X} is dz, and
the corresponding reverse association rate constant is as. The input protein X; is produced at a
time-varying rate k(t). Details of the chemical reactions of this system are shown in SI Section 5.8
eqn. (106). We use the procedure in Fig. 3 to analyze this system as per Def. 1 by varying the
total protein concentrations Xp9 and Mp. This is done as follows. (Steps 1-5 are detailed in SI
Section 5.8).

(i) Retroactivity to input: Evaluating the terms in Step 3, we find that to satisfy Test (i), 2442/

’a1de Xo?
mlditds) 203K 514 T it be small, where K = TEm3  However, not all these terms can be
a1de X127 da do ) k3 M )

made smaller by varying Xro and My alone. Thus, the retroactivity to the input, and whether or
not Test (i) is satisfied, depends on the reaction rate constants of the system, and it is not possible
to tune it using total protein concentrations alone. (Evaluation of terms in Step 3 is shown in SI
Section 5.8).

(ii) Retroactivity to output: Evaluating the terms in Step 4, we find that to satisfy Test (ii), we

must have a small )’(’—;2 and a’;ﬂ;. Thus, to attenuate retroactivity to the output, Xpo and My

must be large. (Evaluation of terms in Step 4 is shown in SI Section 5.8).

(iii) Input-output relationship: Evaluating IT as in Step 5, we find that the input-output relation-
~ T1Km3

ship is X3, ~ 7372 X1 js when Ky > X7 ;o and thus, this system can satisfy Test (iii) by tuning
M7 to achieve a desired K with m = 1. (Details of Step 5 are shown in SI Section 5.8).

Thus, we find that the retroactivity to the input cannot be made small by changing concentrations
alone. The retroactivity to the output can be attenuated by having a large X9 and My, since
these can compensate for the sequestration of X3 by the downstream system. This signaling system

16



can therefore satisfy Tests (ii) and (iii) for unidirectional signal transmission. While satisfying
these requirements does not increase the retroactivity to the input, thus making it possible for
it to satisfy Test (i) as well, retroactivity to the input depends on the reaction-rate parameters,
in particular, on the forward reaction rate constant m; of autophosphorylation of X;y. If this is
large, the autophosphorylation reaction applies a large reaction flux to the upstream system, thus
resulting in a large retroactivity to the input. If 7y is small, this flux is small, and thus retroactivity
to the input is small. By the way we have defined cascades (as signals between stages transmitted
through a kinase), any cascade containing this system would have it as a first stage. Therefore,
even cascading this system with different architectures would not overcome the above limitation.
These mathematical predictions can be appreciated in the simulation results shown in Figs. 7B-
7E for a time-varying input, and in the simulation results shown in Figs. 17B- 17E (SI Section 5.8)
with a step input. The result is summarized in Fig. 9C.

3.6 Single cycle with substrate input
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Figure 8: Inability to attenuate retroactivity to the output or impart small retroactivity to
the input by single phosphorylation cycle with substrate as input. (A) Single phosphorylation
cycle, with input X as the substrate: X is phosphorylated by the kinase Z to X*, which is dephosphorylated
by the phosphatase M back to X. X* is the output and acts as a transcription factor for the promoter
sites p in the downstream system. (B)-(E) Simulation results for ODEs (118),(119) in SI Section 5.9.
Simulation parameters are given in Table 1 in SI Section 5.2. Ideal system is simulated for Xjqea with
Zp = Mr = pr = 0. Isolated system is simulated for X;, with pr = 0.

Here, we consider a single phosphorylation cycle where the input signal U of Fig. 1A is X, the
concentration of the substrate X, and the output signal Y is X*, the concentration of the phos-
phorylated substrate. We consider this system motivated by the various transcription factors that
undergo phosphorylation before activating or repressing their targets, such as the transcriptional
activator NRI in the E. Coli nitrogen assimilation system [52]. However, to the best of our knowl-
edge, based on our literature review, signals are more commonly transmitted through kinases, as
opposed to being transmitted by the substrates of phosphorylations. Since these are less represented
than the others in natural systems, we ask whether they have any disadvantage for unidirectional
transmission, and in fact they do. Note that the system analyzed in Section 3.5 is a system that
takes as input a kinase that undergoes autophosphorylation before donating the phosphate group,
and is not the same as the system considered here, where the input is a substrate of enzymatic
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phosphorylation.

The signaling system we consider, along with the upstream and downstream systems, is shown in
Fig. 8A. The input protein X is produced at a time-varying rate k(t). It is phosphorylated by
kinase Z to the output protein X*, which is in turn dephosphorylated by phosphatase M. X* then
acts as a transcription factor for the promoter sites in the downstream system. All the species in
the system decay with rate constant 6. The total concentration of promoters in the downstream
system is pr. The total kinase and phosphatase concentrations are Z7 and Mr, respectively, which
are the parameters of the system we vary. The Michaelis-Menten constants of the phosphorylation
and dephosphorylation reactions are K,,; and K,,2, and the catalytic rate constants are k; and
ko. The chemical reactions of this system are shown in eqn. (117) in SI Section 5.9. Using the
procedure in Fig. 3, we analyze if this system can transmit a unidirectional signal according to
Definition 1 by varying Zp and Mp. This is done as follows. (Steps 1-5 in SI Section 5.9).

(i) Retroactivity to the input: Evaluating the terms in Step 3, we find that they cannot be made
small by changing Z7 and My, and therefore, Test (i) fails and retroactivity to the input cannot
be made small. (Evaluation of terms in Step 3 is shown in SI Section 5.9).

(ii) Retroactivity to the output: Similarly, we evaluate the terms in Step 4 and find that they
cannot be made small by varying Zr and Mp. Thus, Test (ii) fails and retroactivity to the output
cannot be attenuated by tuning these parameters. (Evaluation of terms in Step 4 is shown in SI
Section 5.9).

(iii) Input-output relationship: Evaluating IT as in Step 5, we find that the input-output relation-
k1 Zp
ship is linear with gain K = (,ﬁ%) when K1, Ko > X, that is:

Km2

X5 (t) = KX(t). (5)

The input-output relationship is thus linear, i.e., m = 1, and K can be tuned by varying Zr and
Mry. The system thus satisfies Test (iii). (Details of Step 5 are shown in SI Section 5.9).

Thus, we find that a signaling system composed of a single phosphorylation cycle with substrate
as input cannot transmit a unidirectional signal, since it can neither make retroactivity to the
input small nor attenuate retroactivity to the output. This is because, the same protein X is
the input (when unmodified) and the output (when phosphorylated). Thus, when X undergoes
phosphorylation, the concentration of input X is reduced by conversion to X*, thus applying a
large retroactivity to the input. Now, when X* is sequestered by the downstream system, this
results in a large flux to both X and X*, and thus the retroactivity to the output is also large.
In fact, the same is true for an architecture with the input undergoing double phosphorylation, as
seen in Section 5.10, where X** is the output. For this architecture, as X** is sequestered, this
applies a large flux to X, X* and X**. Cascading such systems would also not enhance their ability
to transmit unidirectional signals: if the system were used as the first stage to a cascade, it would
apply a large retroactivity to the input for the aforementioned reasons. The way we have defined
cascades above, with non-initial stages receiving their input via a kinase, this system cannot be the
second stage of a cascade since it takes its input in the form of the substrate. These results are
demonstrated in the simulation results shown in Figs. 8B-8E for a sinusoidal input, and in Figs.
18B-18E for a step input. Results for the double phosphorylation cycle with substrate input are
seen from Figs. 19 and 20 in SI Section 5.10. These results are summarized in Fig. 9F.
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4 Discussions

Retroactivity effects have been shown to be useful in certain contexts, such as transcription factor
decoy sites that convert graded dose-responses to sharper, more switch-like responses [53]. However,
it is one of the chief hurdles to one-way transmission of information [8]-[13]. The goal of this work
was to identify signaling architectures that can overcome retroactivity and thus allow the trans-
mission of unidirectional signals. To achieve this, we have provided a procedure that can be used
to analyze any signaling system composed of reactions such as phosphorylation-dephosphorylation
and phosphotransfer. We have then considered different signaling architectures (Fig. 9), and have
used this procedure to determine whether they have the ability to minimize retroactivity to the
input and attenuate retroactivity to the output.

We have found that a main discriminating factor is whether the signaling architecture transmits
information from kinases or from substrates. Specifically, phosphorylation cycles (single or double)
and phosphotransfer systems that transmit information from an input kinase (Figs. 9A, 9B, 9C)
show a trade-off between minimizing retroactivity to the input and attenuating retroactivity to
the output, consistent with prior experimental studies [33], [54]. Yet, cascades of such systems
(see, for example Fig. 9E) can break this trade-off. This is achieved when the first stage has
low substrate concentration, thus imparting a small retroactivity to the input, and the last stage
has high substrate concentration, thus attenuating retroactivity to the output. Interestingly, this
low-high substrate concentration pattern appears in the MAPK signaling cascade in the mature
Xenopus Oocyte, where the first stage is a phosphorylation cycle with substrate concentration in
the nM range and the last two stages are double phosphorylation cycle with substrate concentration
in the thousands of nM [25]. This low-high pattern indicates an ability to overcome retroactivity
and transmit unidirectional signals, and while this structure may serve other purposes as well,
it is possible that the substrate concentration pattern has evolved to more efficiently transmit
unidirectional signals. By contrast, architectures that transmit information from a substrate (Figs.
9D, 9F, 9G) do not perform as well even when cascaded. Consistent with this finding, while
architectures that transmit signals from an input kinase are highly represented in cellular signaling,
such as in the MAPK cascade and two-component signaling [1]-[7], [16]-[19], those receiving signals
through substrates are not as frequent in natural systems. This was in fact the reason we chose to
analyze systems with substrate as input. We wished to determine whether they show a disadvantage
to unidirectional signaling, potentially explaining why they are not frequently seen. It has also been
reported that kinase-to-kinase relationships are highly conserved evolutionarily [55], implying that
upon evolution, signaling mechanisms where kinases phosphorylate other kinases are conserved.
These facts support the notion that cellular signaling has evolved to favor one-way transmission.

For graph-based methods for analyzing cellular networks [56], such as discovering functional mod-
ules based on motif-search or clustering, signaling pathway architectures that transmit unidirec-
tional signals can then be treated as directed edges. On the contrary, analysis of signaling systems
(such as those with a substrate as input) that do not demonstrate the ability to transmit unidirec-
tional signals must take into account effects of retroactivity. These effects could result in crosstalk
between different targets of the signaling system, since a change in one target would affect the
others by changing the signal being transmitted through the pathway [13]. Our work provides a
way to identify signaling architecture that overcome such effects and that can be treated as modules
whose input/output behavior is largely independent from the context. Our findings further uncover
a library of systems that transmit unidirectional signals, which could be used in synthetic biology
to connect genetic components, enabling modular circuit design.
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Figure 9: Table summarizing the results. For each inset table, a v'(X) for column 7 implies the system
can (cannot) be designed to minimize retroactivity to the input by varying total protein concentrations, a
v (X) for column s implies the system can (cannot) be designed to attenuate retroactivity to the output by
varying total protein concentrations, column m describes the input-output relationship of the system (i.e.,
Y =~ KU™) as described in Def. 1(iii). Inset tables with two rows imply that one of the two rows can be
achieved for a set of values for the design parameters: thus, the two rows for systems (A), (B) and (C)
show the trade-off between the ability to minimize retroactivity to the input (first row) and the ability to
attenuate retroactivity to the output (second row). Note that this trade-off is overcome by the cascade (E).
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5 Supplementary Information

5.1 Assumptions and Theorems

For the general system (1), we make the following Assumptions:

Assumption 1. Phosphorylation-dephosphorylation and phosphotransfer reactions typically occur
at rates of the order of second~! [57], [58], much faster than transcription, translation and decay,
which typically occur at rates of the order of hour™! [59]. Then, G7 > 1.

Assumption 2. Binding-unbinding reactions of the output with the promoter sites in the down-

stream system are much faster than transcription, translation and decay [60]. Then, Gy > 1.

9(Br+f1)
0X

Assumption 3. The eigenvalues of and % have strictly negative real parts.

Assumption 4. There exist invertible matrices 7" and (), and matrices M and P, such that
TA+MB=0,Mfi =0and QC + PD = 0.

Assumption 5. Let X = ¥ (U, v) be the locally unique solution to f; (U, X, Ssv)+ Br(U, X, Sov) =
0. We assume ¥ (U, v) is Lipschitz continuous in v with Lipschitz constant L.

Assumption 6. Let v = ¢(X) be the locally unique solution to s(X,v) = 0. Define the function
fU,X)=X—¥Y(U,¢(X)). Then the matrix % € R™™ is invertible.
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Assumption 7. Let I'(U) be the locally unique solution to Br(U, X, Sov)+ f1(U, X, Ssv) = 0. We
assume that I'(U) is Lipschitz continuous with Lipschitz constant Ly.

Remark 1. By definition of ['(U), we have that I'(U) = ¥ (U, ¢(L'(U))), since v = ¢(X) satisfies
s(X,v) =0 and X = ¥(U, X) satisfies f1(U, X, Ssv) + Br(U, X, Sov) = 0. If So = S3 =0, ['(U)
is independent of v, which is denoted by L;,(U). Then, I';,(U) = ¥(U,0) since Sy = S3 = 0.
Thus, the difference |I';;(U) — L'(U)| depends on Sy and S3, and is zero when Sy = S3 = 0. We
thus sometimes denote I'(U) as ¥ (U, g(S2, S3)d(L'(U))), where g(S2,53) = 0 if both Sy = S3 = 0.
Further, since as ||S2|| and ||Ss|| decrease, the dependence of fi(U, X, Ssv) + Br(U, X, Sav) on v
decreases, by the implicit function theorem, g(S2,S3) decreases as ||S2|| and ||S3|| decrease.

Remark 2. On picking S5 and S3 for the systems: S and S3 are picked such that they appear in
the form of Y 4 Sov and Y + S3v in the ODEs when written in form (1).

Assumption 8. The function fo(U,t) is Lipschitz continuous in U with Lipschitz constant L.
The function (U, X,v) is Lipschitz continuous in X and v.

Assumption 9. The system:

U = fo(U, RE(U), $16(L(U)), ) + G1Ar(U, L(U), $26(L(V)))
is contracting [61] with parameter A.
We now state the following result from [54]:

Lemma 1. If the following system.:
&= f(z,t)
is contracting with contraction rate A, then, for the perturbed system:

T = f(z,t) +d(z,t),

where there exists a d > 0 such that |d(z,t)| < d for all Z,t, the difference in trajectories for the
actual and perturbed system is given by:

j(t) — 2(t)] < ez (0) — z(0)| +

>

We state the following result, adapted from [32], for system (1):

Lemma 2. Under Assumptions 1-4, || X (t) — Y (U(t),v(t)) || = O(Gil) and |Jv(t) — ¢(X(2))|] =
(’)(G%) fort € [ty, t¢], where W(U,v) is defined in Assumption 5, ¢(X) is defined in Assumption 6

and ty is such that t; < t, <ty andt, —t; decreases as G1 and G2 increase.

Proof of Lemma 2. We bring the system to standard singular perturbation form, by defining w =
QX + Pv and z = TU + M(X + Q' Pv). Under Assumption 4, we obtain the following system:

z= TfU(Ua RX? SlU, t)a

1
aw = Q[BT(Uv X? SQU) + fl(U7 &7 ng)}v

v (6)
G72U = GQDS(X, ’U),

where: U =T (2 — MQ '), X = Q Y (w — Pv).
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Under Assumptions 1-3, this system is in the standard singular perturbation form with ¢ =
max{G%, G%} We define function W (z,v), such that w = W is a solution to (Br + f1)(z,w,v) =0
and function V(w) such that v = V is a solution to s(w,v) = 0. Applying singular perturbation,
we then have ||w(t) — W (z,v)|| = (’)(G%) and [Jv(t) — V(w)|| = O(G%) Rewriting these expres-
sions in terms of the original variables, we use the definitions in Assumptions 5 and 6, we have:
X (t) — W(U,v)]| = O() and [[v(t) — (X)|| = O(&). n

Lemma 3. Under Assumptions 1-6, || X(t) — L(U(t))|| = O(e), for t € [ty,tf], where L(U) is
defined in Remark 1.

Proof of Lemma 3. From Lemma 2, we have:

1

Gl)

x =3 (U000 +0(5) + 0!

— W (U.G(X)) + T (wm +0<G2>) Cw(U.ex) + 0L,

G1

Under Assumption 5, using the Lipschitz continuity of ¥ (U, v) we have:

X < (U, (X)) + LyO(

&)+ ol

Gl)
By definition of O, we have:

X 0 (U.0(X)) + Ofmax(g-. o) = o). (7

By equation (7), f(U,U) < O(e), where the function f is defined in Assumption 4. By definition
of I'(U), we have f(U,L'(U)) =L(U) — ¥ (U, s (U))) = 0. Therefore:

f(U,X) = f(U,LU)) < Oe).

Under Assumption 5, f(U, X) is differentiable. Applying the Mean Value theorem [62], we have:

of(U, X
$0.x) - f.0) = (x -t P CE| <o,
0X X=c
Under Assumption 6, the matrix % is invertible. Thus,
T 1 X=c

IX = L(U)[| = O(e).

|
Lemma 4. Under Assumptions 1-6, 8-9, for t € [ty, ts], [U(t) —U(t)| = O(e) where u is such that:

U = fo(U, RL(0), $1¢(L(0)), t) + G1Ar(U, L(T), S2¢(L(0))), T(0) = U(0). (8)
Proof of Lemma 4.

U = fo(U,RX, Siv,t) + G1Ar(U, X, Syv)
= fo(U,RL(U), S16(L(U)),t) + G1Ar(U,L(U), S20(L(U))) + O(e),

by Lemmas 2 and 3, since the functions fy and r are Lipschitz continuous under Assumption 8.
Applying Lemma 1 to this system under Assumption 9, we have |U(t) — U(t)| = O(e). |
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The first Theorem gives an upperbound on the retroactivity to the input. The terms in Step 3 and
the corresponding Test (i) in the procedure in Fig. 3 arise from this result.

Theorem 1. The effect of retroactivity to the input is given by:

hi+ho + h
Usgear(t) — U(t)] < % +O(e), fort € [ty tf],
where hy = supy Lo RL(U), hy = supy Lo|S10(L(U))],

_1,,00(U
h3 = SupU,tE[tb,tf] (T 1]\4— 8(U ) + 71 1MQ 1P

06 L)\ ar
0X |x_rqy OU | ¥|

a

Proof of Theorem 1. By definition of Ujgea1, we have from (1):
Usdeal = fo(Uideat; 0,0, 1), Uigear(0) = U(0).
We define U such that its dynamics are given by (8), that is:
U = fo(U, RL(U), $16(L(0)). £) + G1Ar(U, L(T), $26(L(0))), U(0) = U/(0). (9)
By the Lipschitz continuity of fy under Assumption 8, we have:
fo(U,RL(U), $16(L(0)), t) = fo(U,0,0,t) + h(U), (10)
where |h(U)| < Lo|RL(U)| + Lo|S1¢(L(0))|. Thus, |h(U)| < hy + ha.
Further define z = TU + M X + MQ~'Pv. Then,
5=TU+ MX+ MQ Py =Tfy(U RX,Sv,t)
from eqns. (1). Using the expression of U from (1), we then see that
G1Ar(U, X, Sov) = —T*MX — T 'MQ ™1 Po.

By Lemma 2 we have v = ¢(X) + O(G%) for t € [tp,t¢]. By Lemma 3we have X =L'(U) + O(e) for
t € [ty,ts]. Thus,

. or\&u) .. . 09(X) or(U) -
X = - = f .
X i U, X |y_p U U for t € [ty, tf]
This implies that
_1,,0LU) . _ _1,00(X) oru) -
Ar(U, X =T 'M—-U-T'MQ'P f
G1Ar(U, X, Sov) 50 U Q X |y_p OU Uforte [ty tf]-

Then, under Assumption 8, due to the Lipschitz continuity of r and Lemmas 2 and 3,

AL(U)
au

U-T7'MQ~'P

GLAP(U,T(U), S:0(D(U))) = T~ M= 6¢><X>’ ar(U)

0X |y_p OU

U+ O(e),
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for t € [tp, t¢]. Changing variables does not change the result, i.e., we define ¢(U) such that

q(U) = G1Ar(U,L(U), S2¢(L(0)))

9p(X)|  Or(U) -
X |y o0 U+ O(e)

=-T'M 7_) —T'MQ P

Q

. From the definition of h3 in Theorem 1, we have that |q(U)| < hg + O(€). Thus, the dynamics of
U as given by eqn. (9) can be rewritten using eqn. (10) and q(U) = G1Ar(U,L(U), Sed(L(U))) as:

)-

Q} [

U = fo(U.0,0,1) + h(T) + a
Using Lemma 1 we have that

hi + ha + hg + O(e)

Uidear(t) — U(t)| < 3 :

for t € [ty, t¢]. From the triangle inequality, we know that |Uigeal(t) — U(t)| < |Uideal(t) — U(1)] +
|U(t) — U(t)]. Using Theorem 4, we have:

hi + ha + h3

|Uideal(t) - U(t)| < )

+ O(e), forte [tb,tf].
|

The next Theorem gives an upperbound on the retroactivity to the output. The terms in Step 4
and the corresponding Test (ii) in the procedure in Fig. 3 arise from this result.

Theorem 2. The effect of retroactivity to the output is given by:

- ho + h
Vis(t) = Y ()] < [[]]|h1 + |T||Lr=2 5 2+ 0(e), forte [ty by,
where hy = supy Ly |g(S2, S3)¢(L(U))], hy = supy Lo|S10(L(U))],
- 9¢(X) oL(U)
= MQT P = |4
hs SUDU te(ty,t f] ( Q" X ‘X:F(U) U i

-~

b

Proof of Theorem 2. By definition, Y (t) = IX(¢). Under Lemma 3, this implies that Y (t) =
IT(U(t)) + O(e). The isolated output is then Yis(t) = IT;(Uis(t)) + O(e€). Thus,

s(Uss)| + O(e)
s+ U [Es(U) = Lig(Uss) [ + O(e),

by the triangle inequality. By definition, as seen in Remark 1, I'(U) = ¥ (U, g(Sa2, S3)o(L(U))),
where ¢(S2,S53) = 0 for So = S3 = 0. Also seen in Remark 1, I',(U) = ¥(U,0). Then, under
Assumption 5,

Yis(t) = Y(0)] = [ |IL(U) —

<11l L) - )

=3

IL(U) = Ly (U)] < Lu |9(S2, S3)¢(L(V))] < du. (12)

Under Assumption 7,
ILis(U) = Lis(Uss)| < Ly |U — Usg|- (13)
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We now define z = TU + M X + MQ ™! Pv. Then, from eqn. (1),
5=TU+ MX +MQ Py =Tfy(U RX,Sv,t).

Then, . .
U= fo(U RX,Siv,t) =T 'MX — T 'MQ ™! Po.

Comparing the equation above to eqns. (1) we have
G1Ar(U, X, Sov) = =T 'MX — T7*MQ ' Po.
Thus we have that
GrAL(U,L(U), $20(L(U)) = —T‘le(U> - T‘IMQ‘IPéF( )

— Tl U.
8U 8X x=r U
Thus, defining U as in eqn. (8), we have:
; g . . 3F( J) o-1p 00 OL(U) 7,
U= fo(U,RLC(U),S16(L'(U)),t) =T U -T'M P— ——U
fo(U, RE(D), $16(L(0). ) = 'Pax| oo
By the Lipschitz continuity of fy under Assumption 8, this can be written as:
B _ _ or(Uu — -
0 = 500, 500).0.0) - 7 DG 0,(0) - (0, (1)

where |qo(U)| < Lo|S1¢(L(U))| for all U. Thus, from the definition of hg in Theorem 2, we have
that |g2(U)| < ho. Further, we have

< hg, for all U,t € [ty ty].

_ {7 1 09 oL(U) \ -
|92(U)|—‘< MQ~ Paxxr S50 )U

Since U = fo(U,RX, Sjv,t) — T~ IMX — T-*MQ 1P, the isolated input dynamics are by defini-
tion: Ujs = fo(U, RX,0,t) — T~ IMX. By Lemma 3 and under Assumption 8, this can be written

as:
I (Uss)
8les

Uis = fo(U, RT(Uss),0,t) — T~ M Uss. (15)

Applying Lemma 1 to systems (14) and (15) under Assumption 9, we have: |U(t) — Uss(t)| < 224h2,

By the triangle inequality and Lemma 4,

hz—i—ilg
A

Using (11), (12), (13) and (16), we obtain the desired result. |

U(t) = Uis(®)| < [U®) = U] +[U(t) - Uss(t)| < +0(e). (16)

The final Theorem gives an approximation of the input-output relationship. Step 5 and the corre-
sponding Test (iii) in the procedure in Fig. 3 arise from this result.

Theorem 3. The relationship between Yis(t) and Uss(t) is given by:

Yi(t) = IL;, (Uss(£)) + O(e), for t € [ty tf].
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Proof of Theorem 3. From Remark 1, we see that L; (U;s) = ¥(Uis,0). From Lemma 2, we have
|| Xs(t) — ¥(Uis, 0)|| = O(e). Thus, for y;s = I.X;,, we have

= [

[IYis — IT;(Uss)[| = O(e)

5.2 Table of simulation parameters

System

Simulation parameters

Single phosphorylation
cycle with kinase input
(Fig. 2)

k(t) = 0.01(1 + sin(0.05t)) (for step input, k(t) = 0.01), § = 0.01s~ 1,

ki =ko=600s"1, a1 = as = 18nM ~ts7!, dy = dy = 2400571,

kon = 10nM 1571, kog = 10s71. Ideal system (Zigeal):

X7 = My = pr = 0. Isolated system (X)) with low substrate
concentration: Xp = My = 10nM, pr = 0. Actual system (X*, Z) with
low substrate concentration: X = My = 10nM, pr = 100nM . Isolated
system (X}%) with high substrate concentration: X = My = 1000nM,
pr = 0. Actual system (X*,Z) with high substrate concentration:

Xy = My = 1000nM, pp = 100nM.

Double phosphorylation
cycle with kinase input
(Fig. 4)

k(t) = 0.1(1 + sin(0.05t)) (for step input, k(t) = 0.01), § = 0.01s~ %, ky =
ko = ks = ky = 6008_1,0,1 = Qa2 =03 = Q4 = 18TLM_15_1, dy = dy =

d3 = dy = 240057, kon = 10nM ~'s™! kog = 10s7!. Ideal system
(Zideal): X7 = Mr = pr = 0. Isolated system (X.5*) with low substrate
concentration: Xp = 10nM, Mp = 3nM, pp = 0. Actual system

(X**, Z) with low substrate concentration: Xp = 10nM, My = 3nM,
pr = 100nM. Isolated system (X) with high substrate concentration:
X7 =1200nM, My = 39nM, pr = 0. Actual system (X**, Z) with high
substrate concentration: Xp = 1200nM, My = 39nM, ppr = 100nM.

Phosphotransfer with
phospho-donor
phosphorylated by
kinase input (Fig. 5)

k(t) = 0.01(1 + sin(0.05t)) (for step input, k(t) = 0.01), § = 0.01s~ 1,

ki =ky=ks = 15871, a1 = ag = a3 = a4 = 18nM’13’1, di =do=dg =
dy = 2400571, kop = 10nM 1571 kog = 10571, Ideal system (Zigeal):

X171 = X2 = Mr = pr = 0. Isolated system (X3 ,,) with low X7, Myp:
X711 = Mp = 3nM, Xp9 = 1200nM, ppr = 0. Actual system (X3, Z) with
low XTI: XTl = MT = 37’LM, XT2 = 12()OTLM, pr = 100nM. Isolated
System (Xg,is) with high X7, Mp: Xp1 = Mp = 300nM, Xpo =
1200nM, pr = 0. Actual system (X3, Z) with high X71: X7 = My =
300nM, X719 = 1200nM, pr = 0.

Cascade of
phosphorylation cycles
(Fig. 6)

k(t) = 0.01(1 + sin(0.05t))nM.s~(for step input, k(t) = 0.01),
§=0.01s"1, a1 = ag = 18(nM.s)~ !, dy = dy = 240051, ky = ko = 6005~ L.
Ideal system (Zigea1): X711 = X712 = Mp = pr = 0. Isolated system
(Xik,is): X7 = 3nM, Xp9 = 1000nM, My = 54nM, pr = 0. Actual
System (Z, X;) X1 =3nM, Xpo = 1000nM, Mpy = 100nM, My =
30nM, pr = 100nM.
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Phosphotransfer with
phospho-donor
undergoing
autophosphorylation as
input (Fig. 7)

k(t) = 0.01(1 + sin(0.05t)) (for step input, k(t) = 0.01),
§=0.01s"1k3=600s"", a1 =as =a3 =18nM s dy =dy = d3 =
2400571, kon = 10nM_18_1, kog = 10s™!, Xy = 1200nM. Ideal system
(X1idea): ™1 = M7 = pr = 0. Isolated system (X;:is) with low 71:

w1 = 30nM, M = 9nM, pr = 0. Actual system (Z, X5) with low my:

m = 30nM, My = 9nM, pr = 100nM . Isolated system (Xiis) with high
w1 m = 1500nM, M = 420nM, pr = 0. Actual system (Z, X3) with
hlgh T T = 15OOTLM, MT = 420nM, pr = 100nM .

Single cycle with
substrate as input
(Fig. 8)

k(t) = 0.01(1 4 sin(0.05t)) (for step input, k(t) = 0.01),

6= 0.015_1,]{31 =ky = 6008_1,01 = a9 = 18nM_15_1,d1 =dy =
240051 kon = 10nM ~1s71 kog = 10571, Ideal system (Xjgea1):

Zp = Mr = pr = 0. Isolated system (X.5) with low Zp, Mp:

Zr = My =100nM, pr = 0. Actual system (X, X*) with low Zp, M7:
Zp = Mr = pr = 100nM. Isolated system (X)) with high Zp, Myp:

Zr = My = 1000nM, pr = 0. Actual system (X, X*) with low Zp, M:
Zp = Mpr =1000nM, pr = 100nM.

Double cycle with
substrate as input
(Fig. 19)

k(t) = 0.01(1 + sin(0.05¢t)) (for step input, k(t) = 0.01), 6 = 0.01s~ 1, k) =
ko = ks = k4 = 600871, a1 = a9 = Qa3 = a4 = 1871M71871, di = dy =

dz = dy = 240057, kop = 10nM ~1s™1, kog = 10s~!. Ideal system
(Xideal): Z7 = Mt = pr = 0. Isolated system (X}%) with low Zp, My:

Zp = My = 150nM, pr = 0. Actual system (X, X*) with low Zp, Mp:
Zp = My = 150nM, pr = 100nM. Isolated system (X) with high
Zp,Mp: Zp = Mp = 1000nM, pr = 0. Actual system (X, X*) with low
Zr,Mp: Z7 = M7r = 1000nM, pr = 100nM.

Table 1: Table of simulation parameters for Figures 2, 4-8, 10-13, 17-20.

5.3 Single cycle with kinase input

The reactions for this system are:

)

0

k() kx
4
vaﬁb; Cl,CQ,X*,CL)QS, (18)
knr
d k
Z+X &0 x4z, K1 = s -, (19)
dy ai
d k
X M2 2 mgx, Ky = 2512 (20)
da az
X* —i—pk*;nA C. (21)
koff
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Figure 10: Tradeoff between small retroactivity to the input and attenuation of retroactivity
to the output in a single phosphorylation cycle. (A) Single phosphorylation cycle, with input Z as
the kinase: X is phosphorylated by Z to X*, and dephosphorylated by the phosphatase M. X* is the output
and acts on sites p in the downstream system, which is depicted as a gene expression system here. (B)-(E)
Simulation results for ODE model shown in SI Section 5.3 eqn. (22). Simulation parameters are given in
Table 1 in SI Section 5.2. Ideal system is simulated for Zigea with X = My = pr = 0. Isolated system is
simulated for X}, with pr = 0.

Using reaction-rate equations, and the conservation law for the promoter pr = p + C, the ODEs
for this system are then:

dz

r =k(t) —6Z —a1ZX + (d1 + k1)C1, Z(0) =0,
% =kx —0X —a1ZX + di1Cy + kaoCo, X (0) :kTX = Xr,
dc?f =ky — M — a2 X* M + (d2 + k2)Co, M(0) = ]%M = Mr,
dd—ctl =umZX — (d1 + k1)Cy — 6Ch, C1(0) =0, (22
% = as X "M — (dg + k2)Cy — 6Cs, Co(0) =0,
% =k1C1 — ae X" M + daCo — 6 X™ — kon X™ (pr — C) + kogtC, X*(0) =0,
Cflf kon X*(pr — C) — kogC — 6C, C(0) = 0.

For the system defined by (22), let Mp = M + C3. Then the dynamics of My are Myp = ky —
SMr, Mr(0) = %. This gives a constant Mp(t) = ]i%. The variable M = Mp — Cy is then
eliminated from the system. Similarly, we define X7 = X 4+ C; 4+ C2 + X* 4+ C, whose dynamics
become X7 = kx — 6X7, Xr(0) = kTX. Thus, Xp(t) = ka is a constant. The variable X =
X7 —Cy —Cy — X* — C can then be eliminated from the system. Further, we non-dimensionalize
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U Z ) c
X [C Cy X* 15, Y, I X* 10 0 1]ix3
Gl max{%a%a%a%a%a%a} G2 max{km‘%,k%ﬁ}
fo(U,RX, Syv,t) k(t)—6Z — 6Cy s(X,0) | g (kon X*(1 = ¢) = kofic — bc)
f(U,X, 521}) G}1 [ —a1ZXT(1 — % — % — % — %0) + (d1 + k?l)Cl +6C }1><1
0
J1(u, z, S3v) a- a X*(Mr — Ca) — (da + k2)Cy — 6Cs
k1C1 — CLQMT(X* + ai%TC) + a X*Cy + doCy — 6 X* -
A 1 D 1
T T
[*1 0 0 ]3><1 c [0 0 —pr ]3><1
[1 00 ]1><3 Sl 50
52 % 53 GQZ;\?T
T 1 M (1.0 0], ,
T
Q I5x3 P [0 0 pr 5,

Table 2: System variables, functions and matrices for a double phosphorylation cycle with the
kinase for both cycles as input brought to form (1).

C with respect to pr, such that ¢ = }%. The system thus reduces to:

% =k(t)—6Z — a1 Z(Xp — Cy — Co — X* — pre) + (dy + k1)Ch, Z(0) =0,
dil = a1 Z(Xg — C) — Cy — X* — ppe) — (dy + k1)Cy — 6C1, C1(0) =0,
dc(zf = as X*(Myp — Co) — (dg + kg)Cy — 6Cy, C2(0) =0, (23)
d;‘t' © 1Oy — X (My — o) + dsCs — X — Eon Xpp(1 — €) + kogpre,  X*(0) =0,
% = kon X" (1 — ¢) — kogc — de, c(0) = 0.

Step 1: Based on eqns. (23), we bring the system to form (1) as shown in Table 2.

Step 2: We now solve for ¥, ¢ and [' as defined by Assumptions 5, 6 and 7. The other terms
required for Step 2 are noted in Table 2.
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Solving for X = W(U,v) setting (Br + f1)3x1 = 0, we have:

(B?" + f1)2 =0 = G/QX*(MT — CQ) = ((dQ + k‘Q) + 5) Cs.
Under Assumption 1, (dg + ko) > 4.

Then, My X* — X*Cy ~ Kp2Cs. (24)
X*M
If Ko > X*, Cy ~ T
Km2
(Br+ fi)a+ (Br+ fi)s=0 = (k1 — ) C1 — (ko — §) C2 = 0.
k ko X*M
Under Assumption 1, k1, ko > 6. Then, Cq = 202 2 T (25)
k1 k1 Ko
a1 XT X* Ch Cs bT
B =0 = ZXr(l— — — — — — — —c¢)=(di + k1 +6) C1.
(Br+ fi) 7( Xr Xr  Xr XTC) (di 4+ k1 +6)Cy
Under Assumption 1, dy + k1 > 0.Using (24), (25):
X ko X*M ko X*M
ZX7p(1 - — (14 2) r_rm ¢) ~ Koy — T,
Xr ki’ XrKpe Xt k1 X1 Km2
ZX7(1—- £L¢
Thus, X* ~ "= il Xr )k Y .
(ki mlMT) ( +(1+ FQ)KT2> z
Note that as the input Z becomes very large, the output X* saturates to ! . Since this

violates condition (iii) of Def. 1, we must have K,,; > Z and kQKmlM > Z. ThlS gives a range
of input z for which condition (111) of Def. 1 is satisfied. Once the mput increases so that K,,1 > Z
and k2Km1M > Z are no longer satisfied, condition (iii) does not hold. Under these conditions,

the expressmn for X* is then:

X* Z;g’”? ]\)22(1 - %c) and X7 ~ Z;?"j ]\)Z (26)
From (24)-(26), we have ¥(U,v) given by:
br | 20— B0, B2, Mmza-go] . @)
Solving for ¢ by setting s(X,v) = 0, we have:
kon X (1 — ¢) = koge,
e, X*— X" ;f:pc, (28)
ie,p=c= o+ X+

We can use (27) and (28) to find I" as defined in Remark 1, and find that it satisfies Assumption
7. We then state without proof the following claims for this system:

Claim 1. For the matriz B and functions r, f1 and s defined in Table 2, Assumption 3 is satisfied
for this system.

Claim 2. For the functions fo and r and matrices R, S1 and A defined in Table 2, and the functions
v and ¢ as found above, Assumption 9 is satisfied for this system.
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For matrices T, Q, M, P defined in Table 2, we see that Assumption 4 is satisfied. Further, for ¥
and ¢ defined by (27) and (28), Assumption 5 and 6 are satisfied. Thus, Theorems 1, 2 and 3 can
be applied to this system to check if the system can transmit unidirectional signals according to
Definition 1 by varying Xr and Mr.

Step 3 and Test (i) Retroactivity to the input: Using Theorem 1, we see that since S; = 0,
Further, |RL(U)| = I?—WZZ. Evaluating the final term, we see that:

_1.,00(0) foler or(U) X7
T'M T'MQ P~ = :
‘ ( U O X ) OU Kot
Thus, for a small retroactivity to the input, we must have small I)(%l

Step 4 and Test (ii) Retroactivity to the output: We see that S; = 0. Further, the term

_ _ oy(u .
<T MO P (w) 73(“)>u
z=7(u

Sy =83 = %TT must be small. Thus, to decrease the retroactivity to input, X7 must be increased.

= 0 since T7'MQ~'P = 0 from Table 2. Further, we see that

Step 5 and Test (iii) Input-output relationship: Evaluating Y;s = IT,; + O(€). Under Remark

1, IT;, = I¥Y(U;s,0) =~ klﬁmf A);T Zis from (27). Thus, the dlmensmnless 1nput output behavior is

k1Ko X1

K A which can be

approximately linear. Thus, from Def. 1(iii) we have that m =1 and K =
tuned by tuning the substrate and phosphatase concentrations X7, Mrp.

Test (iv) fails since Tests (i) and (ii) have opposing requirements from the total protein concen-
trations.

5.4 Double cycle with input as kinase of both phosphorylations

The reactions for this system are then:

0 0

7 = ¢, X = ¢, (29)
k‘(t) kx
ML Cy1,Cy, Cs, Cy, X*, X0 -2 4, (30)
knr
Z+X &0 M x4z X*+ M 20y 22 M+ X, (31)
d1 d2
X*+ 22055 x4 2, X+ M2 oy B X 4 M, (32)
d3 d4
X gpom (33)
koff
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Figure 11: Tradeoff between small retroactivity to the input and attenuation of retroactivity
to the output in a double phosphorylation cycle. (A) Double phosphorylation cycle, with input Z
as the kinase: X is phosphorylated by Z to X*, and further on to X**. Both these are dephosphorylated
by the phosphatase M. X** is the output and acts on sites p in the downstream system, which is depicted
as a gene expression system here. (B)-(E) Simulation results for ODE model (34) shown in SI Section 5.4.
Simulation parameters are given in Table 1 in SI Section 5.2. The ideal system is simulated for Zjqe, with
X1 = M7 = pr = 0. The isolated system for X;* is simulated with pr = 0.

Using the reaction-rate equations, the ODEs for this system are:

dz

% = ]{Z(t) — 04— ZX + (d1 + kl)Cl —a3 X 7 + (d3 + k3)03, Z(O) =0,
dX k
E:kx—éX—alZX—kdlCl—HfgCg, X(O):TX7
dM k
I =ky —O0M —asX*M + (dg + kz)Cg —as XM + (d4 + k4)C4, M(O) = TM7
% =aqiZX — (dl + k:l)Cl - (501, 01(0) = 0,
dd—CQ = aa X" M — (da + k2)Ca — 6C, C2(0) =0,
s (34)
i k1C1 — ae X*M — a3 X*Z + kyCy + doCo + d3C3 — 6 X ™, X*(0) =0,
% = a3 X" Z — (ds + k3)C3 — 6Cs, C3(0) =0,
d
% = s X** M — (dy + ky)Cy — 6C, C4(0) =0,
X**
d = ks — @XM + diCy — X — ko X (1 — ) + ko€, X™*(0) =0,
% — o X (pr — C) — kosiC — 6C, C(0) = 0.

For system (34), let Mp = M + Cy + C4. Then its dynamics are My = ky — 6 My, Mp(0) = kTM.
This gives a constant Mp(t) = kTM. The variable M = M7 — Cy — Cy can then be eliminated from
the system. Similarly, defining X = X + C; + Cy + X* + C3 + C4 + X* + C gives a constant
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Xr(t) = kTX, and X can be eliminated from the system as X = Xp—X*—X"*—C1—Cy—C3—-Cy—C.

Further, we define ¢ = }% which the dimensionless form of C. The system then reduces to:

7
% :k(t)—&Z—alZ(XT—X*—X**—Cl —02—03—04—pTC)

+ (dl + k‘l)Cl — a3 X*Z + (d3 + k‘3)03, Z(O) =0,
dc

—r = @Z(Xp = X" = X" — 01 = Gy~ O3 = Ca = pre) — (d + k1)C1 = 6C1, Ca(0) =0,
dC

dTQ = s X*(Mp — Cy — Cy) — (dy + ko) Co — 6Cs, C5(0) = 0,
dX* * * * *

a =k1C1 —asX (MT —(Cy — 04) — a3 X Z + k4Cy + doCy +d3C5 — 6X™, X (0) =0,
dc% = a3 X" Z — (d3 + k3)C3 — 6C3, C5(0) = 0,
dC
= @XMy — Gy — Cy) — (da + ka)Cis — 6C1, C4(0) =0,
dX**

ar = k3Cs3 — a4X**(MT —Cy — 04) +dyCyp — 56X
— kon X pr(1 — ¢) + koggpre, X*(0) =0,
% = kon X (1 — ¢) — kogc — dc, c(0) = 0.

This system (35),(36) is brought to form (1) as shown in Table 3.

(35)

(36)

Steps 1 and 2: For the system brought to form (1) as seen in Table 3, we now solve for ¥ and ¢

as defined by Assumptions 5 and 6.

Solving for X = WU by setting (Br + f1)sx1 = 0, we have:

(BT + f1)2 =0 = CLQX%(MT —Cy — 04) = (dg + ko + (5) Cs.
Under Assumption 1, (d2 + k2) > 4.
Then, MTX* — X*CQ — X*C4 ~ KWQCQ.

(B’I“ + f1)5 =0 = a4X**(MT —Cy — C4) = (d4 + k4 + (5) Cy
Under Assumption 1, dq + k4 > 9.

Then, MTX** — X**CQ — X**C4 ~ Km4C4.
For K9 > X* and Ky > X,
X*Mrp X** My

Cy ~ and Cy =~ .
2 Km2 ! Km4

(Br+ fi)s =0and (Br+ f1)s =0 = k3C5 =~ k4Cy,

. c kg X** Mp
1.e. ~ — .
8 k;3 Km4

(BT + f1)3 =0 and (BT + f1)4 =0 = k1C1 = ky(Cs,
ko MpX*

i.e., 01 ~ — .
k1 Ko
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U Z v c
x [C1 Cy X* C3 Cy X™E, Y, I | X* [0 0 0 0 0 1]y
fo(U,RX, Siv,t) k(t) —6Z —6C, — 6Cs s(X,v) G% (konX**(1 — ¢) — kogic — dc)
—alzXT(l—%—%—%—%—%—%—%C)+(d1+kl)cl+5cl
(U, X, Sov) o
—a3ZX* +(d3+]€3)03+(503 ax1
[ 0
CLQX*(]WT — Oy — C4) — (dQ + k2)02 —0Cy
k1C1 — ap X*(Mp — Cy — Cy) — a3 X*Z + kyCy + doCo 4 d3C3 — 6 X*
fi(U. X, S5v) en 0
a4X**(]WT —Cy — 04) — (d4 + k4)C4 —0Cy
ksCs — aa My (X + 2B 0)ay X**(Cy + Cy) + dsCy — 6X** ot
A [1 1 ]2 D 1
T

-1 0 0 0 0 O T

B 000 10 0] c (0000 0 —pr g,
X2
R [T 00100/, Sy 0
s % 2 G
T 1 M (10010 0],
T

Q Tsxo P (00000 prlg,

Table 3: System variables, functions and matrices for a double phosphorylation cycle with the
kinase for both cycles as input brought to form (1).

(BT + f1)4 =0 = agX*Z = (dg + ]{:3)03,

. 7ZX* kqa X** Mp
e., f 38), — =Csy~ —
1.€., Irom ( )7 Km3 3 k3 Km4 ’ (40)
. v kaKp3 X My
ie., X~ .
ksKma A
(Br+ fi)1=0 =
X* X+ Cl CQ 03 04 pr (41)
ZXp(l- o -2 2 s T Py (g4 g)O
WXl - e T T X, T Xy Xy XpO T Gt R)C
. kaK s X*Mp  X** ko My k4 K,3 X** Mrp
ie, Z (11— — —(=+1)
ksKpma ZXr X7 k1 X1rKpo k3Kms 2 (42)
(k4 )X**MT pT e ko Mt ksKy3 X** My
—(= — L)~ == )
ks XrKma Xt "kt Ko ksKoma 2
ie., ZXp(1— 210
p (13)
k4K, 3 M M+ k ko KK ksZ k
%X**+X**<4m3T)< ke gy 4o ReEm 32 ka 1)>_
ksKma Z Ko k1 k1Kmo  kaKp3 ks
M
If Kty Koo, Ky K > Z and —- > 1,
’ (44)

k4 Im3 My ko Kom MT>
ksKma X1 k1Ko kz )’

pT k%
Z11—-—= ~ X
< XTC> <
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e, X* =~

X1 0 k3 Ky ki Ko (1 B pTc>
M2" kyKps koK1 Xr )

Thus, from (37)-(45), we have the function ¥(U,v):

M ZXT _ pbT T
(%) (1 o).
h ZXT _pi
ko (Km1> (1 XTC>’
k1K ZX
1 2 T (1 _ pic)’

(45)

keKm1 \ Mt Xr
Z2Xr 1 k1Ko pT C)
b

IS
%

Mt Kms kaKm1 Xr

Mt kyKim3 ko K1

Xr

Z2Xr _ky kiKme (1 _ pr C)
)

2
Z_ k3Bma k1Km2 (1 _ PT
L (MT> XTk4Km3 k2 Km1 (1 XTC>

46x1
Solving for ¢ by setting s(X,v) = 0, we have:
kon X™* (1 — ¢) = kogrc,
Le., X — X*c=kpc,
X**

We can use (46) and (47) to find I' as defined in Remark 1, and find that it satisfies Assumption
7. We then state the following claims without proof for this system:

(47)

ie, o =c

Claim 3. For the matriz B and the functions r, fi and s defined in Table 3, Assumption 8 is
satisfied for large K1, Kmo, Kimg, Kma.

Claim 4. For the functions fo and r and matrices R, S1 and A defined in Table 3, and the functions
v and ¢ as found above, Assumption 9 is satisfied for this system.

For matrices T, Q, M, P defined in Table 3, we see that Assumption 4 is satisfied. Further, for ¥
and ¢ defined by (46) and (47), Assumptions 5 and 6 are satisfied. Thus, Theorems 1, 2 and 3 can
be applied to this system.

Results: Step 3 and Test (i) Retroactivity to the input: We see that since S; = 0 from Table

3. Further, RIL'(U)| = Zé:l + 72 Mfl?mg i;gﬁ For the final term we evaluate:

4., 0C(U) B 0 or(U) X X1 k1Ko
M T'MQ'P=—= = 27 )
< ou @ OX |x_p@y OU Kt 2 MrKos s Ko

.. . XT XT k‘leQ
Thus, for small retroactivity to the input, we must have small yoom and RV cemd ey e

Step 4 and Test (ii) Retroactivity to the output: From Table 3, we see that S; = 0. Further,

m))
oU
X=I'(U)

must have a small Sy = %. Thus, for a small retroactivity to the output, we must have a large Xr.

T—lMQ—lpa‘ls(l)

since T~'MQ~'P = 0, the expression X

= 0. S3 =0, thus, we

Step 5 and Test (iii) Input-output relationship: From eqn. (46), we have that:

X1 9 k3Kima k1 Koo
M2 kg K3 ko Koy

Y;s - IXZS ~ IE = IE(UZS70) ~

18

(48)
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Test (iv) fails since Tests (i) and (ii) have opposing requirements from the total protein concen-

trations.

5.5 Regulated autophosphorylation followed by phosphotransfer

(A)
Upstream System
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Figure 12: Tradeoff between small retroactivity to the input and attenuation of retroactivity to
the output in a phosphotransfer system. (A) System with phosphorylation followed by phosphotransfer,
with input Z as the kinase: Z phosphorylates X; to Xj. The phosphate group is transferred from X7 to X,
by a phosphotransfer reaction, forming X3, which is in turn dephosphorylated by the phosphatase M. X3
is the output and acts on sites p in the downstream system, which is depicted as a gene expression system
here. (B)-(E) Simulation results for ODE (54) in SI Section 5.5. Simulation parameters are given in Table
1 in SI Section 5.2. Ideal system is simulated for Ziqea with X717 = Xpo = My = pr = 0. Isolated system

is simulated for X3 ;. with pr = 0.

The reactions for this system are:
1)
Z =9,
k(%)

1
X2 S ¢a
kx,

O, X1, X3, C, 0,0 = 6,
d
X7+ Xy &= Oy = X1 + X3,
do a3

kOl’)
X5 +p ?—\ C.

off

40

é
Xl A ¢a
kx,
AN
MT— ¢7

kar

Xi+Z&0 M xr427

dy

X5+ M0y M X5+ M,

dy

(51)
(52)

(53)



The ODEs based on the reaction rate equations are:

Z=k(t)—0Z — a1 X1Z + (di + k1)C1, Z(0) =0,
. k
X = k‘Xl —0X1 — a1 XhZ +d1C1 4+ d3sCy — agXlX;, Xl(O) = g(l,
Cl =a X124 — (d1 + kl)Cl —0Ch, 01(0) =0,
Xf = k1C4 —CL2XTX2—|—(1202—5XT, XT(O) =0,
. k
Xo = kx, — 0Xo — a2 X7 X3 + d2C2 + k4 Cy, X5(0) = ?2,
02 = CLQXTXQ + CLngng< — (dg + d3)CQ —0C%, CQ(O) =0,
X3 = d3Cy — a3 X1 X5 — ay X3 M + dyCy — 6X35 — kon X3 (pr — C) + kogC,  X3(0) =0,
04 = a4X§"M — (d4 + k4)C4 —0Cy, C4<0) =0,
. k
M = ky — 6M — ay XM + (dy + ka)Cl, M(0) = TM
C = konXék(pT - C) - koffc - 507 C(O) = 0.

For (54), define X7y = X1 + C) + X{ + Cy. Then, Xpy = kx, — 6X71, X71(0) = 21,

Thus,

Xr(t) = % is a constant at all time ¢ > 0. Similarly, X79 = X9+ Co+ X5 +C3+ C is a constant

with X7o(t) = %2 and My = M + Cy is a constant with Mp(t) = 52 for all time ¢ > 0. Thus, the
variables X1 = XT1 — Cl — Xf — CQ, XQ = XT2 — CQ — X; — 03 —C and M = MT — 04 can be

eliminated from the system. Further, we define ¢ = p—CT. The reduced system is then:

Z=k(t)—06Z—a1Z(Xp —C1 — X; —Cy) + (dy + k1)Ch, Z(0) =0,
Ci=aZ(Xr1 —Cp— X} —Co) — (di + k1)Cy — 6C4, C1(0) =0,
X =kC) —aa X} (Xpg — Cy — X3 — Cy — pre) + deCo — X7, X7(0) =0,

Cy = ap X{ (X7 — Cy — X5 — Cy — pre) + az(Xp1 — Cy — Xi — C) X5

— (da 4 d3)Ca — 6Cy, C2(0) =0,

X3 =dsCy — a3(Xp1 — Cp — X§ — Co) X3 — ay X3 (Mp — Cy) + dyCy — 6X3

— kon X5p7(1 — ) + kosipre, X3(0) =0,

Cy = ay X3 (Mp — Cy) — (dy + k4)Cy — 6C4, C4(0) =0,

¢ = konX5(1 — ¢) — kogc — dc, c(0) = 0.

Step 1: This system (55),(56) is brought to form (1) as shown in Table 4.
Step 2: We now solve for the functions ¥ and ¢ as defined by Assumptions 5 and 6.

Solving for X = ¥ by setting (Br + f1)s = 0, we have:

(Br+ fi)1=0 = ZXp1 — ZX] — ZCy = (K1 + Z)C1, under Assumption 1.

ZX
It K >2, ZXpm = K104, ie., C1 = Tl.
Kml

(Br+ fi)2+ (Br+ fi)s+ (Br+ fi)a+ (Br+ f1)s =0 = k1C; — ksCy = 0,
ki1 ZX1,

i.e., 04 ~ — .
ks Km
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U A v c
X [C1 X7 Cy X; Cil%, Y, I X500 0 0 1 0Jixs
[ o [wlEtiemieemeants] o [ w{ome] |
fo(U, RX, S1v,t) k(t) — 07 — 6C4 s(X,v) 25 (kon X3 (1 = ¢) — kore — b¢)
[(U,X, SQ'U) Gil (—a1Z(XT1 - Ci — Xf — CQ) + (dl + kl)Cl + 5C1)
0

k101 — aa X7 Xro(1 — 22 — 52 — Lo — PL0) 4 dyCy — 0X7,

AUX,Syv) | g7 | aaX{Xra(1— £ — 32 — o — o) — (dy + d3)Ca + a3(Xp1 — C1 — Xf — C2)X§ — 6Ca,

d3Cy — LL4X§(]WT — 04) + dyCy + (L3(Cl + Xf + CQ)X; —aszXm1 (X; + afﬁgﬂl(;) — 5X;,
(MX;(]\/[T — 04) - (d4 + ]C4)C4 — (504

1 D 1
[-1 000 0], c (000 —pr 0],
R [1 00 0 0]Jixs S 0
So 0 S3 %’afgm
T 1 M [10000],.
Q Isxs P (000 pr 0],

Table 4: System variables, functions and matrices for a phosphotransfer system with kinase as
input brought to form (1).

(BT + f1)5 =0 = X;MT = (_X%< + Km4)C4.

K k1 ZX
Hmm>ﬁ,ﬁ~E%éK?.
m

(Br+ fi1)s =0 =

¢y X5 Gy _br

X2 Xr2 Xro Xro

— (dz + dg)CQ + ag(XTl —Ch — Xik — CYQ)AXEk ~ 0.

CLQXTXTQ + a3X§XT1
d2 + a3 '

CLQXTXTQ(]. —

If (d2 + d3) > ang and ag X1, Co =

(B’I“ + f1)2 =0

— ]ﬁCl — agXTgXik(l —

Co X5 Cy pT
- — — c)+doCo —0XT =0.
Xro  X1o X2 T2 )+ O !

If dy > ang, doCoy =~ CLQXT —kicy.

Solving the above 2 simultaneously, we obtain:
k1 X doaz Kma X
XF 1471 2031 ma X1 tdy+d5)Z
azds X2 Kim1 Ky My
a3Xrg dy | Xp1\ k1Kma X171

d ~~ .
and C2 d2+d3(d3 X712  ky K1 M

42



Thus, we have the function ¥(U,v) :

- ZXT1 - T

e d Km 'Y

azdgé(T;l ( 203 =L 4 dy + dS)
XT k1 K, X7

dotds ( + %0 ) BRS A 2s . (57)

1 m33(

% ml MT )
k1 X1

L kq Kml - 5x1

e
%

Solving for ¢ by setting s(X,v) = 0, we have:

konX5 (1 — ¢) — korc — ¢ = 0.

Under Assumption 1, X5 — X5¢ =~ kpc,
X3

X; +kp’

(58)

ie,p=c=

Finding I from (57) and (58) under Remark 1, we see that it satisfies Assumption 7. For matrices
T,QQ,M and P as seen in Table 4, we see that Assumption 4 is satisfied. Functions fy and 7 in
Table 4 satisfy Assumption 8. For the functions ¥, ¢ and ', Assumptions 5, 6 and 7 are satisfied.
We also claim without proof that Assumptions 3 and 9 are satisfied for this system. Theorems 1,
2 and 3 can then be applied to this system.

Results: Step 3 and Test (i) Retroactivity to the input: S; = 0 from Table 4. Further,
|RL(U)| = KTl Z. Finally, we evaluate the following expression:

. OD(U) o oL (U) X1
T 'M—— + T 'MQ ' P— ~ )
‘( ou O PX ) OU Kot

Thus, for small retroactivity to the input, we must have small %

Step 4 and Test (ii) Retroactivity to the output: We see from Table 4 that S; = 0 and further,

T~ 'MQ~'P = 0. Since S, = 0, we must have a small S3 = p — = afgf Thus, for a small retroac-

tivity to the output, we must have a large X712 and T1a3 compared to pr.

Step 5 and Test (iii) Input-output relationship: From (57), we see that

k1 K3 X711
k3K Mr

X;,is = Ilzs ~ I£zs = IE(UZ& 0) ~ (59)

Test (iv) fails since Tests (i) and (ii) have opposing requirements from the total protein concen-
trations.

43



(A)
Upstream System

r EmEEmE .-
" 1 (B) Input signals (©) Output signals
. ' 1.0 //_, _______ 1.0
' o . S| emmmmmmeenmes =
' -
] i % \zﬁ/ /’
1 ! et o
' X dlutput E 2
] = =
. “__ \\ product £ g
= —
: 1&2 ' + & — Zideal 8 Xif
(T B < -z £ -=-X
Signaling System S p S oL 1 °0 1
Downstream System time (s) 000 0 time (s) 000

Figure 13: Tradeoff between small retroactivity to the input and attenuation of retroactivity
to the output is overcome by a cascade of single phosphorylation cycles. (A) Cascade of 2
phosphorylation cycles that with kinase Z as the input: Z phosphorylates X; to X7, Xj acts as the kinase
for Xg, phosphorylating it to X3, which is the output, acting on sites p in the downstream system, which
is depicted as a gene expression system here. X] and X3 are dephosphorylated by phosphatases M; and
Mo, respectively. (B), (C) Simulation results for ODEs (77)-(94) in SI Section 5.7 with N = 2. Simulation
parameters are given in Table 1 in SI Section 5.2. Ideal system is simulated for Zjqea with X717 = Xpo =
My = pr = 0. Isolated system is simulated for X3 .. with pr = 0.

2,18

5.6 Cascade of two single phosphorylation cycles

The two-step reactions for the cascade are:

%Z, X1+Zf;éclﬁ>x;‘+z, (60)
.
XT+M1%C2£>X1+M1, XT+X2%C3&XT+X5» (61)
X§+M2%C4£>X2+M2, X§+p%0, (62)
;‘Xh Q‘Xm g‘Ml, (15%]\42- (63)
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The reaction-rate equations for the ODE model are:

Z=k(t)—0Z — a1 X1Z + (di + k1)C1, Z(0) =0,
. k
X1 =kx, = 0X1 — a1 X1 Z + diCy + kCo, X1 (0) = =5+,
Cl =1 X124 — (d1 + kl)Cl —0Cn, 01(0) =0,
CQ = CLQXfMl — (dg + ]4}2)02 — 0CY, 02(0) =0,
Xik =k1C1 — angXg + doCoy + (d3 + k3>03 — angMl — (5Xik, Xik(O) =0,
. k
Xy = kx, — 06Xy — a3 X[ Xy + d3Cs + k4Cy, X,(0) = 5;2,
. (64)
C3 = angXg — (dg + k‘g)Cg —6C5, 03(0) =0,
04 = 0/4X;M2 — (d4 + k4)04 — 00y, 04(0) =0,
X; = k3(C3 — a4X§M2 + dyCy — 5X; — konXék(PT - C) + ko C, X;(O) =0,
) k
My =k, — oMy —GQXTM1+(CZ2+]€2)C27 MI(O) = ](\;[17
. k
My = kM2 — O0My — CL4X5M2 + (d4 + k4)04, MQ(O) = ?2 ,
C = konXS(pT - C) - koffC - 507 C(O) =0.

For (64), consider X711 = X7 +C4 + Xik + Cy + C3. Then, XTI = le — 00X, X1 = % Thus,
Xri(t) = % is a constant for all t > 0. Similarly, X79 = X2+ C3+ X5 +C4+C is a constant with
kxy kary

X1o(t) = =%, My = M1 + Cs is a constant with M7 = ~5* and Mps = My + Cy is a constant
with Mpy = k]:;b . Thus, the variables X7 = X7 —C; —XT_CQ—C?), Xy = XT2—03—X§ —Cy—C,

My = My, —Cy and My = Mypo— Cy can be eliminated from the system. Further, we define ¢ = 1%.
The resulting system is then:
Z=k(t)—6Z —ai(Xp1 —C1 — X7 — Cy— C3)Z + (dy + k1)C4, Z(0) =0,
C1=a1(Xr1 — Cy — X7 — Cy — C3)Z — (dy + k1)Cy — 5C4, C1(0) = 0,
Cy = agX; (Mg — Ca) — (dg + kg)Cy — 5Cs, C2(0) =0,
X7 = k101 — a3 X (Xpo — C3 — X5 — Oy — C) 4 doyCh + (d3 + k3)Cs — ao X5 (Mp1 — Cy) — X7, X;(0) =0,
C3 = a3 X[ ( Xy — C3 — X35 — Cy — C) — (d3 + k3)C3 — 6C3, C3(0) = 0,
Cy = as X3 (Mgg — Cy) — (dg + ka)Cy — 5C4, C4(0) =0,
X3 = k3C3 — as X3 (Mps — C4) + daCy — 6X35 — kon X3p1(1 — ) + kopre, X5(0) =0,
¢ = konX5(1 — ¢) — koggc — dc, c(0) =0.
(65)

Step 1: The system (65) is brought to form (1) as shown in Table 5.
Step 2: We now solve for the functions ¥ and ¢ as defined by Assumptions 5 and 6.

Solving for X = ¥ by setting (Br + f1)¢ = 0, we have:
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A v c

X (¢ G Xi G G X310, Y, 1 X500 0 000 1]
[ o [w{mshepibemssanail] 6 | (el |
fo(U,RX, Siv,t) k(t)—0Z — 6C, s(X,v) ‘ G% (konX3(1 — ¢) — koic — dc)
r(U, X, Sav) G% (—a1Z(X71 — C1 — X — C2 — C3) + (d1 + k1)C1 + 6C1)
0
ang(]WTl — Cz) — (dQ + kg)Cz —8Cy
) X5
A(U, X, S30) o k1C1 — a3 X{ Xra(1 — X%z - Xf;; XCsz}; %(’C) + doCo + (d3 + k3)C3 — ap Xi (M71 — Ca) — 60X}
= & a3 X{Xra(l— 5 — 52 — 5 — $¢) — (d3 + k3)C3 — 3C3

as X3 (Mry — Cy) — (ds + k4)Cy — 6Cy

ksCs — asMpa(X5 + 2227—c) + a4 X3Cy + dsCy — 6X3 o

1 D 1
(-1 0000 0], c (00000 —pr],,
R (1.0 00 0 0Jixs S 0
S 0 S3 %aafﬁn
1 M [10000] .
Q I5x5 P [00 0 pr 0}5Tx1

Table 5: System variables, functions and matrices for a cascade of two phosphorylation cycles with
kinase as input brought to form (1).

(Br+ f1)2 =0 = a2 X](Mp1 — C2) — (d2 + k2)Co — 6C = 0.
CLQXikMTl _ XikMTl
do + ko + as Xy Xf+Km2'
X Mmq
Koo

Under Assumption 1, Cy ~

If Ko > X{,Cs =

(Br+ fi1)2+ (Br+ fi1)s+ (Br + f1)4 =0 = k1C; = k2C5, under Assumption 1.
ko ko My

Th ~—(Cy= ——
us, Cl ]ﬁ CQ k‘leQ

X7
a4X§MT2
dy+ ks + 06+ as X3
X5 Mo
Km4 .

(Br+ f1)s =0 = Cy =

Under Assumption 1 and if K4 > X5, Cy &~

(Br+ f1)s + (Br+ f1)s =0 = k3C5 = k4Cy, under Assumption 1.
k4Mro

Thus, Cs ~ (Vo
m

X3,

46



(BT + f1)1 =0 = al(XTl - C1 — Xik —Cy — Cg) — (dl + k1)01 =0.

k M+ X* koMo X X X koK,
X (1— <1+ 4> Xy kMo X5 LyZ ~ 2 1Xiﬂ‘
ks ) Xr1Kpe  ksKpuXr1 X7 k1 K2
Mnri X7 M X5 k1 KmaX11
It Ky > =0 e s XP A X7 1 maATL
"2 X Ky ™ X71 ! U ko Ky Mrpy

C3 X3 Cy DT
— - — c) — (ds + k3)C3 — 6C3 = 0.
X2 Xro X2 X7 )~ (ds 4 ks)Cs ’

ko, Mpo X5 X5 pr | kafGn3Mpo

(Br+ fi)a=0 = a3X; X721 —

Under Assumption 1, X7 X7po(1 — (1 + - - c) ~ X3,
iXra(1 = (1 kg) KpsX1re X712 Xpo k3K 2
ks K a X9 k1 KX
Thus, X;ﬁ 3N Mm4AAT2 M1 IAM2ATL
ka K3 Mra ko Ky M7
Thus, we have the function ¥ (U, v):
_ %Z 1T
klﬁlTl A
51%{&&?}1
¥~ 2 kifmaXr : (66)

Km3 ko K1 M 1

k3 X1o k1 Kma X1 A
kyKmg ke Km1 M

k3 KmaX12 k1 Kma X711

L kaKm3Mro ko K1 M71 ™ 1 6x1

Solving for ¢ by setting s(X,v) = 0, we have:

kon X5 (1 — ¢) — korc — ¢ = 0.

Under Assumption 1, X5 — XJ¢ =~ kpc,
X3

X5 +kp

(67)

ie,p=c=

Finding I from (67) and (66) under Remark 1, we see that it satisfies Assumption 7. For matrices
T,Q, M and P as seen in Table 5, we see that Assumption 4 is satisfied. Fuctions fy and r in Table
5 satisfy Assumption 8. For the functions ¥, ¢ and [', Assumptions 5, 6 and 7 are satisfied. We
also claim without proof that Assumptions 3 and 9 are satisfied for this system. Theorems 1, 2 and
3 can then be applied to this system.

Results: Step 3 and Test (i) Retroactivity to the input: S; = 0 from Table 5. Further,
RI(U) = %Z . Finally, we evaluate the following expression:

_,..O0(U) 0¢ oL (U) X1
1 1 1 ~
‘(T M=55 +T M@~ PE)XXF() v )| T K.

Thus, for small retroactivity to the input, we must have small %

Step 4 and Test (ii) Retroactivity to the output: We see from Table 5 that S; = 0 and further,

T-'MQ~'P = 0. Since S; = 0, we must have a small S3 = )Ig—;, af]’f/[TT . Thus, for a small

retroactivity to the output, we must have a large X2 and T2“4 compared to pr.
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Step 5 and Test (iii) Input-output relationship: From (66), we see that
k1ks Ko Kma X1 X712

m m.

Test (iv) succeeds since the requirements to satisfy Tests (i), (ii) and (iii) do not conflict with

each other.

5.7 N-stage cascade of single phosphorylation cycles with common phosphatase

The two-step reactions for the cascade are shown below. The reactions involving species of the first

cycle are given by:
K(t
Mg xi+z8 0, M xryz
5 di1

X+ M2 oy B x4

B21
Xik‘i_XQ(;éClQme‘i‘X;.
12

The reactions involving species of the i*" cycle, for i € [2, N — 1], are given by:

. , dui 4 ks
X+ X7y 2 oy B X x| Ky = S
di; atq
X +M%Cm‘—2>X¢+M7 szizﬁmﬁma
2i 1z

* a1i+13 k1i+1 * *
Xi + Xit1 NP Clz‘+1 — Xi+ i+1-
Lit1

And those for the final cycle are given by:

a1N k

1N
X3+ M 2% ooy 2 x4
Ban

k;on
XX[ +p=0C.

koff

The production and dilution of the proteins and other species gives:

é 1) % 4
Xi ~— d)v Mﬁ ¢) Cli)XichiaC—>¢'
kxi kn

(68)
(69)

(70)

(71)
(72)

(73)

The reaction rate equations for the system are then given below, for time ¢ € [t;, t¢]. For the input,

Z=k(t)—6Z —anX1Z + (di1 + k11)C11.
For the first cycle,

X1 = kx1 —0X1 — a1 X1Z + d11Chy + ka1 Can, X1(0) =
Cii = a1 X1Z — (di1 + k11)C11 — 6Cha, C11(0)
Cor = B Xi M — (Bo1 + k21)Ca1 — 6Cay, C21(0)
X{ =kuCui — BuXiM + B21Ca1 — a2 X1 X

+ (d12 + k12)C12 — X7, X71(0)
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For the i*" cycle, where i € [2, N — 1]

. kxs
Xi =kxi —0X; — a1, X; X7 + d1iChi + k2,Co, Xi(0) = X (83)
Cui = a1, X;X]_ 1 — (dui + k1;)C1; — 6C1, C1i(0) =0, (84)
Coi = PriX; M — (Ba; + kai)Cai — 6Cs;, C2;(0) = 0, (85)
X} = k1uChi — BrX; M + BoiCoi — a1, Xi Xi (86)
+ (dy, oy + k1,,,)C1yy — 0XT, X;(0)=0. (87)
For the last, N, cycle:
Xn — . kxn
N =kxn —0XNy —aiNnXNXy_ 1 +dinCin + kanCan, Xn(0) 5 (88)
Cin = ainXNXy_1 — (diy + kin)Cin — 6Cin, Cin(0) = 0, Cin(0) =0, (89)
Con = BINXNM — (Ban + kan)Con — 0Can, Can(0) =0, (90)
Xx = kinCin — BINXNM + BonCon (91)
= kon(pr — C) X + koiC — 60X, Xn(0)=0. (92)
For the common phosphatase:
. i=N
M = knr — 0M =) (BuX; M — (Bai + k2i)Cai). (93)
i=1
For the downstream system,
C = k0n<pT - C)X;f — kofC — 0C. (94)
Step 1: Seeing that Xp;(t) = i = Xi+ X +C1i+Coy+Ch, ., and Mp(t) = kM ]\44—2z 1 Ca,
we reduce the system above to bring it to form (1) as seen in Table 6, with ¢ = -=. We make the

following Assumptions for the system:

Assumption 10. All cycles have the same reaction constants, i.e., Vi € [1, N], ki; = ki1, ko =
ka,a1; = a1, B1; = ag,dy; = di, B2 = do. Then, Kp1; = K1, Km2i = Kpna. Define N = fim2,

Assumption 11. V¢ and Vi € [1, N|, K2 > X/ (1).

k2Km1

Step 2: We now solve for ¥ by setting (Br + f1)3nx1 = 0. Under Assumption 11, this is given by:

(95)

T
~ ko M * Mp x Y *
U~ ko My oy Mrys X, ...LM,
L X1iZ
where X" = — - H]_,l 1 for i e [1, N —1],
b+ (D251 (B ai(t) H XTk))
1, Xrj
ISP 777 () MO G el G )
an N = , i =
N + (L (0N oy () [Ty Xrw))Z - 1+ (30, (Yo (8) [Ty Xw)) Z
Xr., _
Here, «a;(t) < (%—l—(%—i—l)%—i—l) for j € [1,N — 1], an(t) = ((%+1)KM—$+1) and
ph= Mr — MrkyKm;
Y kiKme °
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U Z v c

z [Cii .. Cu Coy XF o Xyl Y. I X5, [0 0 . 0 1liuan
H Gh G :Illiﬂ{%u%v%u%j%»%} H Ga ‘ Inin{k‘“‘%,k%ﬂ} H
fo(U,RX, Syv,t) k(t) —0Z — 0C1y s(X,v) G% (kon X5 (1 = ¢) = kogic — dc)
7(u, z, Sov) G% [ —a1Z(Xr1 — Cry — X — Co1 — C12) + (di + k1)C11 + 6C1y }Ml

0
a2(ZL[T — Z CQ,)Xf — (d‘) + kz)CQ] — 0Cy;,
E1Ci1 — ae X7 (Mp — > Co;) + doCo1 — a1 X7 (X2 — Cra — X5 — Cog — Ch3) + (di + k1)Ch2 — 6 X5

a1 Xy ((Xpi — Cr — X — Co; — C1, ) — (dy + k1)Cy — 0C;

f1(u, z, Ssv) + ag(Mr — 37 C9) X7 — (do + k1)Coi — 00
" kiCu = axXP(Mr = 30 Cni) = anX{ (X1, — Oy = Xfay — Coy = Crpy) + (di + k1) Clyyy = 0X7
arXTn Xy (1= #5¢) —arXy 1 (Cin + X5 + Can) — (di + k1) Ciy — 6C1w
(ZQXI*V(]MT - Z Cgi) — (dz + kQ)CQN —6CoN
i k1CiN — aaMr (X5 + 2Kc) + a2 X3 3 Coi + daCon — 0X 7 |
A 1 D 1
T T
[-1 0 o 050 C [0 0 . 0 —=pr Jin
[ 10 0 }1><3N Sl 0
5 0 53 P
T 1 M [10 .. 0], 4y
Isnxan P [0 .. 0 pr ]an

Table 6: System variables, functions and matrices for an N-stage cascade of phosphorylation cycles
with the kinase as input to the first cycle brought to form (1).

Solving for ¢ by setting s(X,v) = 0, we have:

kon XN (1 — ¢) = koge,

ie., Xy — Xye=kpc,
Xk

kp + X3

(96)

ie,p=c=

We can use (95) and (96) to find I as defined in Remark 1, and find that this satisfies Assumption
7. Note that this I differs from ¥ only in the last 3 terms, involving X ~N- Functions ¥ and ¢
satisfy Assumptions 5 and 6. Further, from Table 6, we see that matrices T, ), M and P satisfy
Assumption 4, and functions fy and r satisfy Assumption 8. We further assume that Assumptions
3 and 9 are satisfied for this system. Thus, Theorems 1, 2 and 3 can be applied to this system.

Results: Step 3 and Test (i) Retroactivity to the input: Since S; = 0 from Table 6, under

Claim 1, hy = 0. Further, |RT| ~ )i(TWlLlZ (b+21Z)’ and thus, to make hq small, we must have small

I)éTnll For the final term, we see that T-'M = [ 10 ... 0 ] and T-'MQ~'P = 0. Since T7'M
or

only has an entry on the first term, and since 55 and % differ only in the last 3 terms, we can
compute the final term using (95). This gives the following expression:

2.

L OT(U) 06 arw)\ -| X b2
(T M a0 T T MQ Pag vy OU U Kot 0t ar12)?
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Thus, for a small retroactivity to the input, i((“l must be small.

Step 4 and Test (ii) Retroactivity to the output: From Table 6, we have that S; = 0, T"!MQ~'P =
0, So =0, and S3 = XI?TTN , ajpTTT' Thus, for a small retroactivity to the output, Xpn and M7 must
be large.

Step 5 and Test (iii) Input-output relationship: From (95), we see that

2 X5\ 7,
b X1

1+ (330, (b ay (8) THZ) Xv)) Zi
AN 1—[;‘;11 Xrj
: My
The upper bound for a;(t) = (X};“inllft) + (% + 1)1(]\4—7:2 + 1) ,i € [1,N], is given by seeing that the
maximum value for X;;1 is X7, ,. Let the maximum value of Z(t) for which the input-output
relationship is approximately linear be Z,,x. We then have:

N i—1 N
— —i XTi+1 ko
(;(b aijI;[lXTj))Zis < Z(b (K,ml + (k; +1)— + 1 H X75) | Zmax, -

=1

Note that b = J‘f,T and H;;ll Xr; are constants, and the linear gain is

€3

where b = A/{,T Thus, for the input-output relationship to not saturate, e3Z,.x must be small. To

maximize Z.x, the range in which the input-output relationship is linear, we must then minimize
€3. We see that, to make €3 small, we must have a large b and small X7, ,. Since, to satisfy
Test (ii), we saw before that X7y must be large, we have Xr1,,, < Xrn. However, as seen from
the expression of IT,, increasing b also decreases the input-output gain. For simplicity, the next
arguments are made to achieve unit gain for the original input Z;4(¢) and output XN is (t). For unit

1
gain, b = vazl Xrj. Since X7; < Xrn,j € [2,N], the maximum possible b = (XTqulngl) M
which occurs when X7; = Xrn,j € [2,N]. Thus, following this argument, for unit gain and

maximum linear range of the input for any N, we have X7; = Xry,j € [2,N] and b = % =

& 1 N
<XT1XYJYA71> i Substituting My = AX [, X,y , and using the geometric series sum, we obtain the

following expression for es:

1
1 X N 1 k A
amh (EY
X

K1 \ X1 %XT ky K2
T1TN
(1)
x
1 X X
X1 ko A Xp Y Xpy XZ"T_<X7;‘1¥>
|l v (- +1)—— + = |- : 08
XrnKm1  k Ko \ X7N Xin Xen )N 4 (98)
()" -
(2a)
(2b)
AME+1) /X \ V1
A ( Tl) _
K2 XTN XrN

(2¢)
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Figure 14: Figures showing the variation of e3 with N, for different X7y . Parameter values are: K1 =
Ko = 300nM, k1 = ko :_6008_17 A =1, (a) Xrn = 1000nM, where resulting N = 6 and (b) Xpry =
10000nM , where resulting N = 8.

Starting from N = 2, we see that since X7; < Xrp, term (1) decreases with N, terms (2a), (2b)
and (2c) increase with N and as N — oo, €3 — 0o. The function €3 is continuous, and therefore,
there exists an optimal number of cycles N for which the linear operating range of the input, Zmnax
is maximized.

To satisfy Test (iii) then, the cascade must have e3 be small, so that m = 1 as defined in require-
ment (iii) of Def. 1. As discussed above, there is an optimal N at which e3 is minimized, all other
parameters remaining the same. We see from Fig. 14, that with load, the number of cycles needed
increase, since X7y increases as load pr is increased. Note that, it may not be necessary to have N
cycles to achieve a desirable result, i.e., a sufficiently large operating range. However, it is possible
that no N is capable of producing linearity for the desired operating range, since €3 is bounded
below.

Test (iv) succeeds since the requirements to satisfy Tests (i), (ii) and (iii) do not conflict with
each other.

5.7.1 Simulation results for other cascades

Phosphotransfer + single cycle

Equations:
Z=k(t)—06Z —a1ZX, + (di + k1)C1, Z(0)=0
X1 = kx, — 6X1 — a1 ZX1 + diCy + asCs — dsX1 X5, X1(0) = Xy = kgf ,
Ql =a1ZX, — (di + k)Cy — 6C4, C1(0) =0, (99)
Xi = k101 — aa X$ Xo + dyCy — 6X7, X:(0) =0,
Xy =kx, — 60Xy — s X} Xo + doCs + ksCs, X5(0) = Xpg = kg@,
Cy = ap X7 X + d3 X1 X35 — (do + a3)Cy — 6Ca, C(0) = 0,
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Figure 15: Tradeoff between small retroactivity to the input and attenuation of retroactivity to the output
is overcome by a cascade of a phosphotransfer system with a single phosphorylation cycle. (A) Cascade of
a phosphotransfer system that receives its input through a kinase Z phosphorylating the phosphate donor,
and a phosphorylation cycle: Z phosphorylates X; to Xj, X} transfers the phosphate group in a reversible
reaction to Xy. X35 further acts as the kinase for X3, phosphorylating it to X3, which is the output, acting
on sites p in the downstream system, which is depicted as a gene expression system here. Both X3 and X}
are dephosphorylated by phosphatase M. (B), (C) Simulation results for ODE model (99),(100). Simulation
parameters: k(t) = 0.01(1 + sin(0.05t))nM.s71, § = 0.01s7}, ay = ay =d3 = ay = a5 = ag = 18nM 157}
di =dy = a3 = dy = ds = dg = 2400571, k1 = ky = ks = kg = 600s~ L. (B) Effect of retroactivity to the
input: for the ideal input Zigeal, system is simulated with X1 = Xp9 = X3 = My = ppr = 0; for actual
input Z, system is simulated with X1 = 3nM, X9 = 1200nM, X153 = 1200nM, My = 3nM,pr = 100nM.
(C) Effect of retroactivity to the output: for the isolated output X3 i, system is simulated with X7 = 3nM,
Xro = 1200nM, Xpz = 1200nM, My = 3nM, pr = 0; for the actual output X3, system is simulated with
XT1 = 3’1”LM, XT2 = 12OOTLM, XT3 = 120071M, MT = 3TLM7pT = 100nM.

X; = a3Cy — nglX; — CL4X§X3 + <d4 + k4)C4 — CL5X§M + d5C5 — (5X§, X;(O) =0,
. k
X3 =kx, —0X3 — as X5 X3 + dyCy + keCs, X3(0) = X3 = ?3 ,
Cy = a4 X35 X3 — (dy + ks)Cy — 6Cy, C4(0) =0,
X3 = kaCy — ag XM + dgCy — 0X35 — kon Xip + kogC, X:(0) =0,
. k
M = kyy — 6M — as X5 M + (ds + ks5)Cs — ag Xi M + (dg + ke)Ce, M(0) = My = TM
05 = CL5X§M — (d5 + ]{55)05 —0C5, 05(0) =0,
Cs = agX3M — (dg + k¢)Co — 6Cs, Cs(0) =0,
C = konX3p — kogC — 6C, C(0) =0.
(100)
Single + Double cycle
Equations:
Z=k(t)—0Z —a1ZX, + (di + k1)Cy, Z(0) =0,
. k
X = ]{:Xl —0X1 —a1ZX1 + di1Cy + ko, Xl(()) =X = ?1’
C’1 =mLX1 — (dl + k1)01 —0CH, 01(0) =0, (101)
Xf =k1C] — ainkM + doCy — angXQ + (dg + k‘g)Cg — a4XfX§
+ (da + ka)Cy — 6X7, X7(0) =0,
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Figure 16: Tradeoff between small retroactivity to the input and attenuation of retroactivity to the output
is overcome by a cascade of a single phosphorylation cycle and a double phosphorylation cycle. (A) Cascade
of a a single phosphorylation and a double phosphorylation cycle with input kinase Z: Z phosphorylates X3
to X7, X7 further acts as the kinase for Xy, phosphorylating it to X3 and X3*, which is the output, acting on
sites p in the downstream system, which is depicted as a gene expression system here. All phosphorylated
proteins Xj, X3 and X3* are dephosphorylated by phosphatase M. (B), (C) Simulation results for ODE
model (101), (102). Simulation parameters: k(t) = 0.01(1 + sin(0.05t))nM.s~1, § = 0.01s7, a1 = ay =
a3 = a4 = a5 = g = 18’/711\4_18_17 di =dy =d3 =dy = ds = dg = 24008_1, ki = ko = ks = k4 =
ks = k¢ = 600s~1. (B) Effect of retroactivity to the input: for the ideal input Zigea, system is simulated
with X711 = X9 = Xp3 = My = pr = 0; for actual input Z, system is simulated with X1 = 3nM,
Xro = 1200nM, My = 9nM,pr = 100nM. (C) Effect of retroactivity to the output: for the isolated output
X;,is7 system is simulated with X717 = 3nM, Xpo = 1200nM, My = 9nM,pr = 0; for the actual output
X5, system is simulated with X7 = 3nM, X9 = 1200nM, My = InM, pr = 100nM.

M = kyg — M — ap X7 M + (dy + k2)Co — as X5 M + (ds + k5)Cs

— a6 X5 M + (do + k) Ci, M(O) = My =12,
Cy = apXTM — (dy + ko) Co — 6Cs, Cy(0) =0,
Xo = kx, — 0Xa — azX{ X + dsCs + ksCs, X5(0) = Xop = ’fj;z ,
(?3 = a3 X7 X2 — (d3 + k3)C3 — 003, C3(0) =0, (102)
X5 = k3C3 — ay X1 X5 + dyCy — a5 X5 M + d5C5 + k¢Cs — 6 X5, X5(0) =0,
Ci = as X X5 — (da + ka)Cy — 6Cy, C4(0) =0,
(3" = k4Cy — agX3*M + dsCs — kon X3*p + kogC — 6 X3, X3(0) =0,
Cs = as X3 M — (ds + k5)Cs — 6Cs, C5(0) =0,
Cs = agX5* M — (dg + k¢)Co — 6Cs, Cs(0) =0,
C = konX3*p — kogC — 6C C0)=0
5.8 Phosphotransfer with autophosphorylation
The reactions for this system are then:
Xy = ¢, Xo == ¢, (103)
k(t) kx,
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Figure 17: Attenuation of retroactivity to the output by a phosphotransfer system. (A) System
with autophosphorylation followed by phosphotransfer, with input as protein X; which autophosphorylates
to X3. The phosphate group is transferred from X3 to Xz by a phosphotransfer reaction, forming X3, which
is in turn dephosphorylated by the phosphatase M. X3 is the output and acts on sites p in the downstream
system, which is depicted as a gene expression system here. (B)-(E) Simulation results for ODE (107) in
SI Section 5.8. Simulation parameters are given in Table 1 in SI Section 5.2. Ideal system is simulated for
X1 ideal With X7o = M7 = 7 = pr = 0. Isolated system is simulated for Xiis with pr = 0.

)
M= Xi,C1, X3,C5,C 25 6, (104)
kn
d
X1 5 X7 X+ Xy =20 = X1 + X3, (105)
1 a2
kOI]
X3+ ME 0y 5 Xy 4+ M, X3 +pe (. (106)
d3 koﬁ'

The ODEs based on the reaction rate equations are:

X1 = k(t) — 0X1 — mX; +doCy — aa X3 X1, X;(0) =0,
X =mX, — a1 X Xo + di1Cy — 6X7, X;(0) =0,
C1 = —6C, + a1 X; Xy — (dy +do)C1 + a2 X5 X1, C1(0) =0,
Xy = kx, — 6Xo — a1 X Xy + d1Cy + ksCs, X5(0) = kf;
X3 = —0X5 + doC1 — a2 X3 X1 — a3 X3 M + d3Cs — kon X5 (pr — C) + kogtC, X5(0) =0,
C3 = —6C3 + a3 X3 M — (d3 + k3)Cs, C3(0) =0,
M = ky — M — as X3 M + (ds + k3)Cs, M(0) = %M
C = konX5(pr — C) — kogtC — 6C, C(0) =0.

(107)

For system (107), define X792 = X2 + X5 + C1 + Cs + C, then Xy = kx, — 0 X719, X1 = k%.

_ km

Thus, X7o(t) = k% is a constant. Similarly, defining My = M + C3 gives a constant Mp(t) 2
Thus, the variables Xy = X79 — X5 — C1 — C3 — C and M = My — C3 can be eliminated from the

system. Further, we define ¢ = 1%' This system is then:
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Xl :k(t)—5X1—7r1X1+dQC'1—a2X§X1, Xl(O) =0,
Xik = 7T1X1 - alXik(XTQ - Xék - Cl - Cg —pTC) + d101 - (SXT, XT(O) = 0,
01 =—-0C1 + ale(XTg — X; —C1 — (5 —pTC) — (dl + dg)ol + CL2X§X1, 01(0) =0,
X3 = —6X3 + doCh — as X3 X1 — a3 X3 (Myp — C3) + d3C5 — kon X3p7(1 — ) + kogC,  X3(0) =0,
(108)
C3=—-6C5+ agXék(MT — Cg) — (d3 + k‘g)Cg, 03(0) =0, (109)
¢ = konX5(1 — ¢) — kogc — dc, c(0) =0.
X1 v c
X [ Xy &1 X3 C3 )%, Y, I X300 0 1 0]ixa
Gl max{@fma%7%atm§7na%7%a%} GQ Hla,X{kon%,ki’TH}
fo(U RX, Stv,t) k(t) — 6X1 — 6Cy — 0 X5 $(X,0) | a5 (konX5(1 = ¢) = kofic — d¢)
1 —mX1 —|—5XT,
f(Ua X, SQU) G1 |: doCy — GQXSXI +0Cq ax1

fl(U7 Xﬁ SS”) G% X2 X12 XT2 X2 s
—0X5 + doCy — a X3 X1 + a3 X305 + d3Cs — asMp (X5 + LX2-¢),

asMr
—6C5 + agXék(MT — Cg) — (dg + /{73)03

4x1

A [1 1 ]ixe2 D 1

-1 0 0

0 -1 0
b 0 0 ¢ —pr

0 0 4x2 0 4x1
R [1 1 0 0Jixa S 0

5
So 0 S3 > cetirryos
T Iy M (110 0],
T

Q Tyxq P [00 pr © hxl

Table 7: System variables, functions and matrices for a phosphotransfer system with autophospho-
rylation brought to form (1).

Steps 1 and 2: Based on eqns. (108), (109), we bring the system to form (1) as shown in Table
7. We now solve for the functions ¥ and ¢ as defined by Assumptions 5 and 6.

Solving for X = W by setting (Br + f1)4 = 0, we have:

(Br+ fi)i1+(Br+ fi)o+ (Br+ fi)s+ (Br+ fi)a=0 =
m&—@%%&@ﬁ%z%&.
3
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(BT + f1)4 =0 = agXS(MT — Cg) =~ (dg + kg)Cg.

K K
il m3X1 = KXy, where K = M1 2ms3

If K X3, XJ =~ .

(B?“ + f1)1 + (BT + f1)2 =0 = mX; —doCy + agX;Xl =~ 0,
K

BB x24Ty,

2

ie., Cl ~ d
2

(BT—l—fl)Q =0 =

C X5 C
—C1+ a1 X7 Xpa(1 — ! 2 3 pT

C) — (dl + dz)Cl + G,QX;Xl =0.

Xr2 Xr2 X2 Xro
(d1 + dg)Cl — agKX% dias K 9 M1 (d1 + dg)
If (d d X7, X~ ~ X —X;.
(it do) > m Xy, X a1 X2 ardeXro ' ado Xy
Thus, we have the function ¥ (U, v):
dras K 2 (d1+d2)
a1;l(21A2XT2I‘?(1 2+ 7r(1116121)(7; L
a2 1 K
U~ & X1+ g X , where K = Tmms, (110)
Kz, ksMr
T X1 4x1
Solving for ¢ by setting s(X,v) = 0, we have:
konX5 (1 — ¢) — koge — ¢ = 0. (111)
Under Assumption 1, X3 — X3¢ =~ kpc,
X; (112)

e, o=—c~ —=—.
¢ X5+ kp

Again, we find I from (110) and (112) under Remark 1. This system satisfies Assumptions 3-9.
Theorems 1-3 can then be applied.

Results: Step 3 and Test (i) Retroactivity to input: We see that since S = 0 from Table 7.
Further, |RL(U)| ~ -Gzl x2 4 mldiidy) x4 %X% + 7 X1. To compute the final term, we see

a1d2XT2 a1d2XT2
that:
) N (20 1,09 oL(U)
T'M T'MQ ' P—— =\~
< ou " © Pox x=rw) U

2d1ao K di+d 200 K
102 X, + m1(dy 2) 4 az X, + ﬂ
a1da X2 arda X2 do a2

St : 2dyas K Wl(d1+d2) 2a0 K 1
Thus, for a small retroactivity to the input, terms i Xrs Xy d and @ must be small.

However, these terms cannot be made smaller by varying concentrations alone. Thus the retroac-
tivity to the input depends on the reaction rate parameters of the system, and is harder to tune.

Step 4 and Test (ii) Retroactivity to output: We see from Table 7 that S; =0, T"!MQ~'P =0,

Sy =0 and S3 = )7;;2, az ﬁT. Thus, to attenuate retroactivity to the output, we must have large
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XT2 and MT.

Step 5 and Test (iii) Input-output relationship: From (110), we see that

T Km3
ks M

Y;‘s = IX,LS ~ I£15 = IE(UZS70) ~ Xl,is- (113)

Thus, the dimensionless output X, varies linearly with the dimensionless input X1, i.e., m = 1 and

_ mKm3
K= oy

Test (iv) is not tested for since Test (i) failed.

5.9 Single cycle with substrate input

(B) signals (C) enals
1.0 Input signals 1.0 Output signals
=) = Zideal = — X
&
NE N5
EE =
g% EE
- SE
3 3
S0 — 30
L 0 time (s) 1000 0 time (s) 1000
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Figure 18: Inability to attenuate retroactivity to the output or impart small retroactivity to
the input by single phosphorylation cycle with substrate as input. (A) Single phosphorylation
cycle, with input X as the substrate: X is phosphorylated by the kinase Z to X*, which is dephosphorylated
by the phosphatase M back to X. X* is the output and acts as a transcription factor for the promoter
sites p in the downstream system. (B)-(E) Simulation results for ODEs (118),(119) in SI Section 5.9.
Simulation parameters are given in Table 1 in SI Section 5.2. Ideal system is simulated for Xjgeas with
Zr = Mp = pr = 0. Isolated system is simulated for X, with pr = 0.

The reactions for this system are:

X =y, 7=, (114)
k:(t) kz
é
M:(rb? 01)027X*7CL>¢7 (115)
kn
a1 k1 * * a2 k2
X+7Z=0—=X"+7 X'+ M=0C—=X+M, (116)
d1 d2
X* 4 pam o (117)
koff
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The corresponding ODEs based on the reaction rate equations are then:

X =k(t) = 0X —a1 X Z + d,Cy + kO, X(0) =0,
X* = —0X* 4+ k1Cy — ae X*M + doCs — kon X*(pr — C) + kogC, X *(0) = 0, (118)
C’l = X7 — (dl + ]{31)01 —0CH, Cl(O> =0,
C'Q =as X*M — (d2 + k‘g)Cg — 00, CQ(O) =0,
Z=ky—06Z —a1XZ+ (ki +d)Cy, Z(0) = %Z
) (119)
M =k — 6M — apaX*M + (dy + k2)Ca, M(0) = TM
C = kon X*(pr — C) — kogC — 6C, Cc(0) = 0.

Let Zr = Z + C1. Then, from the ODEs (118),(119) and the initial conditions, we see that
Zr =ky — 827, Z7r(0) = ’%Z Thus, Zp(t) = ]%Z is a constant. Similarly, defining My = M + Co
gives a constant Mp(t) = k’%. The variables Z = Zp—Cq and M = My —C5 can then be eliminated
from the system. Further, we define ¢ = %. The reduced system is then:

X =k(t) — 06X — a1 X(Zp — C1) 4 d1Cy + k2O, X(0) =0,
X* = —6X* + kO] — ao X*(Mp — C) + dyCo — kon X *pr(1 — ¢) + kogpre, X*(0) =0,
C1 = a1 X(Zy — Cy) — (dy + k1)Cy — 6C4, C1(0) =0, (120)
Cy = ap X*(Myp — Cy) — (dy + k2)Cy — 6Cs, C2(0) =0,
¢ = kon X™ (1 — ¢) — koggc — dc, c(0) = 0.

Steps 1 and 2: Based on the system of ODEs (120), we bring this system to form (1) as shown
in Table 8. We now solve for the functions ¥ and ¢ as defined by Assumptions 5 and 6.
Solving for X = ¥ by setting (Br + f1)3x1 = 0, we have:

(Br+ f1)2 =0 = a1X(Zr — C1) = (d1 + k1 +0) C1,
since (dy + k1) > ¢ under Assumption 1,
XZp — XCy ~ K, Ch,

. X (121)
ie., N —.
! X+ Kml
X
For K,,1 > X, Cl~ ——.
Kml

(Br+ fi)s =0 = axX"(Myp — C2) = (d2 + k2 + 0) C3,
since (da + k2) > ¢ under Assumption 1,
X*Mp — X*Cy = Kp2Co,
Y+ (122)
X*+ Km2 '
X*
Km2.

ie, Cy =

If Ko > X*, Co =
(BT + f1)1 =0 = —0X*— (5pTC+ k1C1 — koCy = 0.

99



U X v c
X [ X* ¢ Cy ), Y, I X* [1 0 0lJixs
G1 max{alézT,%,%l,iazng,%?,%} Go max{k“‘:;pT, kgff}
fo(U,RX, S1v,t) | k(t) —0X — 6X* — 6C1 — 6Co — dpre || s(X,v) G% (konX*(1 — ¢) — kosrc — d¢)
r(U, X, Sav) o [ 0(X* +pre), —arX(Zr — C1) + diCy +6C1,  kaCo + 6Cy }BTM
fi(U, X, Ssv) & [ k101 — aaX (Mg — Cy) + daCy,  —k1Ch, g X*(Mr — C) — d2Co ]ij’:xl
A [1 1 11 D 1
-1 0 0 —pT
B 0 -1 0 C 0
0 0 1153 0 Js5
R [1 1 1]ixs S1 pr
So pT S3 0
T 1 M (11 1],
Q I3x3 P [pr 0 0 }le

Table 8: System variables, functions and matrices for a single phosphorylation cycle with substrate
as input brought to form (1).

k1X ko X*
Using (121) and (122), we have: —— — 22 5X* — Spre~ 0,
Km Ko
(52) 5
. m pT
le., X" = X — c. (123)
e R s

Thus, from equations (121)-(123), we have the function ¥ (U, v):

(%2r) 5 X v ((#2F) s '
~ ml pT ml PT
g ~ k;(f; +6X - kéf; +6C) K1 K2 koM - kéf; +(‘;C . (124)
Solving for v = ¢(X) by setting s(X,v) = 0, we have:
kon X* (1 — ¢) = koge,
i.e., ‘XV»< _X*C: kDC, (125)
e, () =
ie. =c=—F.
T kp + X*

Using (124) and (125), I can be found as described in Remark 1. We find that this satisfies
Assumption 7. We then state the following claims without proof for this system:

Claim 5. For the matriz B and functions r, fi and s defined in Table 8, Assumption 3 is satisfied
for this system.

Claim 6. For the functions fo and r and matrices R, S1 and A defined in Table 8, and the functions
I and ¢ as found above, Assumption 9 is satisfied for this system.
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For matrices T', Q, M and P as seen in Table 8, we see that Assumption 4 is satisfied. For functions
fo and r defined in Table 8, Assumption 8 is satisfied. Further, for ¥ and ¢ defined by (124) and
(125), Assumptions 5, 6 and 7 are satisfied. Thus, Theorems 1, 2 and 3 can be applied to this system.

Results: Step 3 and Test (i) Retroactivity to the input: From Table 8, we see that R and S;
cannot be made small by changing system variables. Therefore, Test (i) fails and retroactivity to
the input cannot be made small.

Step 4 and Test (ii) Retroactivity to the output: From Table 8, we see that S; and Ss cannot
be made small. Therefore, Test (ii) fails and retroactivity to the output cannot be made small.

Step 5 and Test (iii) Input-output relationship: Using Theorem 3, we see that

Yis(t) = 1.X;, ~ IT, = 19 (Uis, 0) ~ K Xis(t), (126)

k1Zr
for t € [ty, ts] from (124), where K = (k}%f;%ﬁl%)

Test (iv) is not tested for since Tests (i) and (ii) failed.

5.10 Double cycle with substrate input

(B) Input signal: low Z7, My (C) Output signal: low Zr, Mp
1.2 1.2
= = — X
£ & -- X"
= =l
'-----------------. 8 8
Z [ r =
; 1 . £ X, £
g = Xideal
) /'/\ /_\ : 2 g
3 g /\/\/\N\/\/\/\
1112utl 1 oufput Sy T <0
Xy Ep product time (s) 100 0 time (s) 100
Upstream Sybten:lK—/\—/ : T (]1)% Input signal: high Zp, Mr (]{])ZOutput signal: high Zp, Mr
T T ] . .
] o = —
= = b
-.................: P £ £ —=X
=} =}
Signaling System S Downstream System £ 2
£ £
: :
¢ g
8o 2o
0 100

time (s)

Figure 19: Inability to attenuate retroactivity to the output or impart small retroactivity to
the input by double phosphorylation cycle with substrate as input. (A) Double phosphorylation
cycle, with input X as the substrate: X is phosphorylated twice by the kinase K to X* and X**, which are
in turn dephosphorylated by the phosphatase M. X** is the output and acts on sites p in the downstream
system, which is depicted as a gene expression system here. (B)-(E) Simulation results for ODE (132) in SI
Section 5.10. Simulation parameters are given in Table 1 in SI Section 5.2. Ideal system is simulated for
Xideal With Zp = M7 = pr = 0. Isolated system is simulated for X;* with pr = 0.
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Figure 20: Inability to attenuate retroactivity to the output or impart small retroactivity to

the input by double phosphorylation cycle with substrate as input.
cycle, with input X as the substrate: X is phosphorylated twice by the kinase K to X* and X**

(A) Double phosphorylation
, which are

in turn dephosphorylated by the phosphatase M. X** is the output and acts on sites p in the downstream
system, which is depicted as a gene expression system here. (B)-(E) Simulation results for ODE (132) in SI
Section 5.10. Simulation parameters are given in Table 1 in SI Section 5.2. Ideal system is simulated for
Xideal With Zp = My = pp = 0. Isolated system is simulated for X with pr = 0.

The reactions for this system are:

X ==,
k(t)

4
M = ¢,

kar
X+2722 01

d1

X' +7Z= = Cg
d3
kon
= C.

koff

L X"+ 27,

X** +

The ODEs based on the reaction rate equations

Z 2,

kz

017027037047X*7X**7C i) ¢)

X* + M—\Cg X+ M,
d2

X* + M—\C4 X*—|—M
dy

are:
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X =k(t) = 06X — a1 X Z + d1Cy + ko0, X(0) =0,
X* = —6X* + k101 — aaX*M + doCy — as X*Z + d3Cs + kaCl, X*(0) =0,
X = —0X* + k3C3 — ay X**M + dyCy — kon X**(pr — C) + kogC,  X*™(0) =0,
Z=ky—0Z —a1XZ+ (dy + k1)C1 — a3 X*Z + (d3 + k3)C3, Z(0) = kz /6,
M = kp — OM — ap X*M + (do + k2)Co — ay X** M + (dy + k4)Cy,  M(0) = kp/9, 152)
C1=a1XZ — (dy + k)Cy — 60y, C1(0) = 0,
Cy = agX*M — (dy + k) Co — 6Cy, C»(0) =0,
C3 = a3 X*Z — (d3 + k3)C3 — 6C3, C3(0) =0,
Cy = as XM — (dy + k4)Cy — 6Cy, C4(0) =0,
C = ko Z**(pr — C) — kotC — 6C, C(0) = 0.

Define Zp = Z + C1 + C5. Then, the dynamics of Zp, seen from (132), are: Zr = ky — 627,
Zr(0) = %Z. Thus, Zr(t) = %Z is a constant at all time ¢. Similarly, for My = M + Cy + Cy,
Mrp(t) = EM g a constant for all £. Thus, the variables Z = Zy —C1 — Cy and M = My — Cy — Cy
can be eliminated from the system. Further, we define ¢ = 1%. The reduced system is then:

X =k(t) — 06X — a1 X (Zr — Cy — C) + d1C1 + kaCs, X(0) =0,
X* = —0X* + k10 — apX*(Mp — Cy — Cy) + doCo — a3 X*(Zp — C1 — Cy) + d3Cs + ksCy,  X*(0) =0,
X* = —6X* + k3C3 — ay X**(Mp — Cy — Cy) + dsCy — kon X *pr(1 — ¢) + kogc, X*(0) =0,
C1 = X(Zp —Cy — Cy) — (dy + k1)Cy — 6C1, C1(0) =0,
Cy = ag X*(Mp — Cy — Cy) — (dg + k2)Cy — 6C, Cy(0) =0,
C3 = a3 X*(Zr — Cy — Co) — (d3 + k3)C3 — 6Cs3, C3(0) =0,
Cy = ay X (Mp — Cy — Cy) — (dy + k4)Cy — 6Cy, C4(0) =0,
C = konX**(1 — ¢) — kogrc — dc, c(0) =0.
(133)

Steps 1 and 2: Based on the system of ODEs (133), we bring this system to form (1) as shown
in Table 9. We now solve for the functions ¥ and ¢ as defined by Assumptions 5 and 6.
Solving for X = ¥ by setting (Br + f1)sx1 = 0, we have:

(Br+ fi)3=0 = a1X(Zr — C1 — C3) = (d1 + k1 +9) C1.

Under Assumption 1, (di + k1) > 0.
Thus, XZr — XCs = (K1 + X)Ch.

If K,n > X, we have: XZp — X5 =~ K,,,1C1.

(Br+ fi1)s =0 = a3 X" (Zr — C1 — C3) = (ds + ks + ) Cs.
Under Assumption 1, (d3 + k3) > 9.

Thus, X*Zp — X" 1 = (K3 + X*)Cs.

If K3 > X*, we have: X*Zp — X*Ch =~ K,;,3C53.
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X v c
X [ X* X O Cy C3 Cyqlfg, Y, I | X*,J0 1 0 0 0 0Jixes
Gl ‘ max{%,%,%,%,%,%,%,%ﬁ%,%’%?%4} ‘ GQ max{k‘"%,%}
fo(U,RX, S1v,t) k() —0(X +X*+ X*+C1 4+ Ca+ C5+ Cy + pre) s(X,v) Giz(konX**(l—c) — koge — dc)
r(U, X, Syv) Gil [ 0X*, §(X*™ 4+ pre), —aX(Zp—Ci—C3)+diCy+6Cy, kaCo+6Cy, 0C3, 6Cy }6T~X1
k1C1 — ao X*(Mp — Co — Cy) + doCy — a3 X*(Zy — C1 — C2) + d3C3 + kaCly,
k3C3 — a4X**(]WT —Cy — 04) + dyCy,
—k1C
o QL 1 141,
fl(uaiv S3U) el G/QX*(]\f[T _ 02 _ 04) _ d2027
(1,3X*(ZT - Ci — CQ) — (ds + k73)03.,
a4X**(]\/]T —Cy — 04) — (d4 + k4)C4 61
A [1 1 1 1 1 1Jixe D 1
-1 0 0 O 0 O 0
0 -1 0 0 0 0 —pr
0 0 -1 o0 0 O 0
B 0 0O 0 -1 0 o0 ¢ 0
0 0o 0 0 -1 o0 0
0 0 0 o0 0 -1 fs 0 651
R [1 1 1 1 1 1]Jixe S1 pr
So T S3 0
T 1 M (111 11 1]
Q Ixe P [0 pr 0 0 0 O }gxl

Table 9: System variables, functions and matrices for a double phosphorylation cycle with substrate
as input brought to form (1).

Simultaneously solving these two expressions, for K1 > X and K3 > X*:

C1

~

~

Cs

_ XZrp
Kml ’
X7y

Km?)

(134)

(BT+f1)4 =0 = a2X*(MT —Cy — 04) = (dg + ko +5) Cs.

Under Assumption 1, (d2 + k2) > 4.

Thus, X* Mz — X*Cy ~ (Kmz + X*)Cs.
If Kpo> X" X*Mp — X*Cy = Kpp2Cs.

(Br+ fi)e =0 = a4 X" (Mqp —Cy—Cy) = (da + ks +6) Cy

Under Assumption 1, (ds4 + ka) > 0.
Thus, X*Mp — X*Cy = (Km4 + X**)C4

If Kppa > X X Mp — X™Cy =~ KpaCly.

Simultaneously solving these two expressions, for K2 > X* and K4 > X :

~

Cy

Cy =~

_ X*Mr

)
m2

. X**MT
Km4 '
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(BT‘ + fl)g =0 = —0X™ —dprc+ k3Cs — CL4X**(MT —Cy — 04) 4+ dsCy =0,
using (Br + f1)g = 0, —0X™ — dppc + ksCs — kycqy = 0.

From (134) and (135), — 0X™ — dpre+ ks X™ — ky X™ = 0,

ksZr 5p
: K- T
e, X¥a | —fm_ ) x* [ L )¢
(5 + et ) (5 + ) (136)
ksZr 5p
X* ~ K"X* — K¢, where K" = | —fms__ ) g/ — | —L__ ).
C A AR o

(Br+fihi=0 =
—0X* +k1Cp — CLQX*(MT —Cy — 04) + dyCy — agX*(ZT —C1 — 03) 4+ d3Cs + k4Cy = 0,
using (BT + f1)4 =0 and (BT + f1)5 =0,—0X"+kC1 — kCy — k3C3 + kyCy =~ 0.

From (134), (135) and (136), — 6X* + k1 X — ko X ™ — k3 X* + ky(K"X — Klc)X* = 0,

ie, X*=K'X - K/c,

k‘1ZT /k‘4MT (137)
Kml " c Km4
where K’ = and K| = )
5+ ko Mt + ksZp K//k4MT ¢ 5+ ko M + ksZp I kaMr
Km2 KmS Km4 Km? KmS Km4

Thus, from equations (134)-(137), for K', K", K| and K/ defined in (136) and (137), we have the
function ¥(U,v):

K'X — Kle,
KK — (KUK + e,
T

s
Q

e (G{{Xml_’ Gio), ' (138)
XnQ
s (G'X = Glo),

- (G'G"X — ("Gl + Gh)e)

J46x1
Solving for ¢ by setting s(X,v) = 0, we have:

kon X ™ (1 — ¢) = kogrc,
ie., X*™ — X"c=kpc,
X

(139)

ie, p=c
Here again, we find I" from (138) and (139) under Remark 1, and find that it satisfies Assumption

7. We then state without proof the following claims for this system:

Claim 7. For the matriz B and functions r, f1 and s defined in Table 9, Assumption 3 is satisfied
for this system.

Claim 8. For the functions fo and r and matrices R, S1 and A defined in Table 9, and the functions
v and ¢ as found above, Assumption 9 is satisfied for this system.

For matrices T, Q, M, P defined in Table 9, we see that Assumption 4 is satisfied. Further, for ¥
and ¢ defined by (138) and (139), Assumption 5 and 6 are satisfied. Thus, Theorems 1, 2 and 3
can be applied to this system.
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Results: Step 3 and Test (i) Retroactivity to the input: From Table 9, we see that R and S;
cannot be made small. Thus, Test (i) fails and retroactivity to the input cannot be made small.

Step 4 and Test (ii) Retroactivity to the output: From Table 9, S; and S3 cannot be made small.
Thus, Test (ii) fails and retroactivity to the output cannot be made small.

Step 5 and Test (iii) Input-output relationship: From (138),
Yia(t) ~ T9(Us, 0) = KX (1) (140)

for ¢ € [ty,t¢]. Thus the input-output relationship has m = 1 and K = K'K" as defined in (136),
(137), which can be tuned by tuning the total kinase and phosphatase concentrations Zp and Myp.

Test (iv) is not tested for since Tests (i) and (ii) failed.
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