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Toy Car on Rotating Track
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A small toy car of mass m moves on a larger circular track with radius R, center O, and negligible mass.
The massless wheels of the car rotate on frictionless bearings but do not slip at their point of contact with
the track. Thus, the car is constrained to move only in a tangential direction along the track. The track
itself can pivot about frictionless bearings on an axis perpendicular to the direction of gravity g. Assume
the moment of inertia of the car is negligible such that it can be modeled as a point mass.

Define the fixed inertial reference frame Ô = (O,ˆI, ˆJ, ˆK), frame Â = (A ⌘ O,ˆiA ⌘ ˆ

I,ˆjA, ˆkA) rotating with
the track, and frame B̂ = (B ⌘ O,ˆiB,ˆjB ⌘ ˆ

jA, ˆkB) rotating with the car. Define � to be the angle the
track makes with the vertical (ˆK⇥ ˆ

kA = sin�ˆI), and ✓ to be the angle the car makes from the bottom of
the track (ˆkA ⇥ ˆ

kB = sin ✓ˆjA). These two variables � and ✓ fully parameterize all possible configurations
of the car. Please answer the following questions about this system.
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Reference Frames and Initial Conditions

(1) Write down the unit vectors ˆiB, ˆjB, and ˆ

kB in terms of ✓, �, and the ground unit vectors.

(2) Write down O!A, A!B, and Brm in terms of ✓, �, their derivatives, R, and any appropriate unit
vectors. At time t = 0, the car has initial velocity v0 = vN ˆ

jB � vT ˆiB. Also write down the
initial values of ✓̇0 and �̇0 in terms of vN , vT , R, and ✓.

Momentum and Kinematics

(3) Write down the linear momentum Opm of the car with respect to the ground reference frame in terms
of ✓, �, their derivatives, R, m, and any appropriate unit vectors.

(4) Write down the angular momentum OhO
m of the car about point O with respect to the ground reference

frame in terms of ✓, �, their derivatives, R, m, and any appropriate unit vectors.

(5) Write down the acceleration Oam of the car with respect to the ground reference frame in terms of
✓, �, their derivatives, R, and any appropriate unit vectors. If there exists a non-zero Coriolis term,
underline it. (Hint: ˆI⇥ˆ

iB = sin ✓ˆjB, ˆI⇥ ˆ

kB = � cos ✓ˆjB, and ˆ

kA ⇥ ˆ

kB = sin ✓ˆjB)

Forces, Torques, and Equations of Motion

(6) The car’s massless wheels rotate on their bearings without friction, thus the reaction force between
the track and the car cannot point in the ˆiB direction. Prove that the reaction force between the
track and the car can only point in the ˆ

kB direction, by considering an appropriate component of
the angular momentum formulation of Newton’s Second Law applied to the massless track.

(7) Draw a free-body diagram for the forces acting on the car. Write down each force in terms of any
appropriate unit vectors.

(8) Write down the linear momentum formulation of Newton’s Second Law for the sum of the forces
acting on the car in a single vector equation in terms of any appropriate unit vectors.

(9) Write down the equations of motion for this system in terms of ✓, �, their derivatives, R, and g.
These should be a system of two coupled scalar di↵erential equations. (Hint: ˆkA = cos ✓ ˆkB � sin ✓ˆiB
and ˆ

K = cos� cos ✓ ˆkB � cos� sin ✓ˆiB + sin�ˆjB)

(10) Write down the reaction force F that the track must exert on the car as a function of ✓, �, their
derivatives, R, m, g, and any appropriate unit vectors.

(*B*) Show that using the angular momentum formulation of Newton’s Second Law of the car about point
O results in the same equations of motion.
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Solutions

(1) Write down the unit vectors ˆiB, ˆjB, and ˆ

kB in terms of ✓, �, and the ground unit vectors.

ˆ

iB = cos ✓ˆI+ sin ✓ sin� ˆ

J� sin ✓ cos� ˆ

K

ˆ
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K

ˆ

kB = sin ✓ˆI� cos ✓ sin� ˆ

J+ cos ✓ cos� ˆ

K

These can be written by inspection or by using rotation matrices:
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ˆ
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(2) Write down O!A, A!B, and Brm in terms of ✓, �, their derivatives, R, and appropriate unit vectors.
At time t = 0, the car has initial velocity v0 = vN ˆ

jB � vT ˆiB. Also write down the initial values of
✓̇0 and �̇0 in terms of vN , vT , R, and ✓.

O!A = �̇ˆI A!B = ✓̇ˆjA
Brm = �R ˆ

kB

✓̇0 =
vT
R

�̇0 =
vN

R cos ✓

(3) Write down the linear momentum Opm of the car with respect to the ground reference frame in terms
of ✓, �, their derivatives, R, m, and any appropriate unit vectors.

Opm = mOvm = m
Od

dt
Orm = m

Od

dt

✓
���*

0
OrB + Brm

◆
= m

✓
���*

0
Bṙm + O!B ⇥ Brm

◆
= m(O!A + A!B)⇥ Brm

= m(�̇ˆI+ ✓̇ˆjA)⇥ (�R ˆ

kB) = mR(�̇ cos ✓ˆjB � ✓̇ˆiB)

(4) Write down the angular momentum OhO
m of the car about point O with respect to the ground reference

frame in terms of ✓, �, their derivatives, R, m, and any appropriate unit vectors.

OhO
m = Orm ⇥ Opm = (�R ˆ

kB)⇥mR(�̇ cos ✓ˆjB � ✓̇ˆiB) = mR2(�̇ cos ✓ˆiB + ✓̇ˆjB)
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(5) Write down the acceleration Oam of the car with respect to the ground reference frame in terms of
✓, �, their derivatives, R, and any appropriate unit vectors. If there exists a non-zero Coriolis term,
underline it. (Hint: ˆI⇥ˆ

iB = sin ✓ˆjB, ˆI⇥ ˆ

kB = � cos ✓ˆjB, and ˆ

kA ⇥ ˆ

kB = sin ✓ˆjB)

Oam =
Od

dt

✓
Od

dt

�
Orm

�◆
=

Od

dt

✓
Od

dt

✓
���*

0
OrB + Brm

◆◆

=
Od

dt

✓
���*

0
Bṙm + O!B ⇥ Brm

◆
=

Od

dt

��
O!A + A!B

�
⇥ Brm

�

=
�
O!̇A + A!̇B + O!A ⇥ A!B

�
⇥ Brm +

�
O!A + A!B

�
⇥ (���*

0
Bṙm + O!B ⇥ Brm)

= (�̈ˆI+ ✓̈ˆjA + �̇ˆI⇥ ✓̇ˆjB)⇥ (�R ˆ

kB) + (�̇ˆI+ ✓̇ˆjB)⇥
⇣
(�̇ˆI+ ✓̇ˆjB)⇥ (�R ˆ

kB)
⌘

= R�̈ cos ✓ˆjB �R✓̈ˆiB �R�̇✓̇ sin ✓ˆjB +R�̇2 cos ✓ ˆkA �R�̇✓̇ sin ✓ˆjB �R✓̇2 ˆkB

= R�̈ cos ✓ˆjB �R✓̈ˆiB � 2R�̇✓̇ sin ✓ˆjB +R�̇2 cos ✓ ˆkA +R✓̇2 ˆkB

(6) The car’s massless wheels rotate on their bearings without friction, thus the reaction force between
the track and the car cannot point in the ˆiB direction. Prove that the reaction force between the
track and the car can only point in the ˆ

kB direction, by considering an appropriate component of
the angular momentum formulation of Newton’s Second Law applied to the massless track.

X
⌧O
T =

Od

dt
(⇢

⇢⇢>
0

OhO
T ) +���*

0
OvO ⇥⇢

⇢⇢>
0

OpT = 0

X
⌧O
T ·ˆI = (Orm ⇥ F r) ·ˆI = [(�R ˆ

kB)⇥ F r] ·ˆI = 0

For this to always hold true, F r must only point in the ± ˆ

kB direction. X

(7) Draw a free-body diagram for the forces acting on the car. Write down each force in terms of any
appropriate unit vectors.

m

�mg ˆ

K

Fr
ˆ

kB
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(8) Write down the linear momentum formulation of Newton’s Second Law for the sum of the forces
acting on the car in a single vector equation in terms of any appropriate unit vectors.

X
Fm =

Od

dt
Opm Fr

ˆ

kB �mg ˆ

K = mOam

Fr
ˆ

kB �mg ˆ

K = mR(�̈ cos ✓ˆjB � ✓̈ˆiB � 2�̇✓̇ sin ✓ˆjB + �̇2 cos ✓ ˆkA + ✓̇2 ˆkB)

(9) Write down the equations of motion for this system in terms of ✓, �, their derivatives, R, and g.
These should be a system of two coupled scalar di↵erential equations. (Hint: ˆkA = cos ✓ ˆkB � sin ✓ˆiB
and ˆ

K = cos� cos ✓ ˆkB � cos� sin ✓ˆiB + sin�ˆjB)

Fr
ˆ

kB �mg ˆ

K = mR(�̈ cos ✓ˆjB � ✓̈ˆiB + 2�̇✓̇ sin ✓ˆjB + �̇2 cos ✓ ˆkA + ✓̇2 ˆkB)

Note that all but two unit vectors, ˆK and ˆ

kA, are expressed in the B̂ reference frame. Fr only appears
in the ˆ

kB direction, so the equations in ˆiB and ˆ

jB will yield the equations of motion:

ˆ

iB : 0 = R✓̈ +R�̇2 cos ✓ sin ✓ + g cos� sin ✓

ˆ

jB : 0 = R�̈ cos ✓ � 2R�̇✓̇ sin ✓ + g sin�

(10) Write down the reaction force F that the track must exert on the car as a function of ✓, �, their
derivatives, R, m, g, and any appropriate unit vectors.

Projecting in the ˆ

kB direction yields:

F = Fr
ˆ

kB = m(g cos� cos ✓ +R�̇2 cos2 ✓ +R✓̇2) ˆkB
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(*B*) Show that using the angular momentum formulation of Newton’s Second Law of the car about point
O results in the same equations of motion.

X
⌧O
m = Orm ⇥ (F + F g) = (�R ˆ

kB)⇥ (Fr
ˆ

kB �mg ˆ

K)

= �mg(sin ✓ˆiB + cos ✓ sin�ˆjB)

=
Od

dt
(OhO

m) +���*
0

OvO ⇥ Opm

=
Od

dt
(mR2(�̇ cos ✓ˆiB + ✓̇ˆjB))

= mR2(�̈ cos ✓ˆiB � �̇✓̇ sin ✓ˆiB + �̇ cos ✓ O!B ⇥ˆ

iB + ✓̈ˆjB + ✓̇ O!B ⇥ˆ

jB)

= mR(�̈ cos ✓ˆiB � �̇✓̇ sin ✓ˆiB + �̇ cos ✓(�̇ˆI+ ✓̇ˆjB)⇥ˆ

iB + ✓̈ˆjB + ✓̇(�̇ˆI+ ✓̇ˆjB)⇥ˆ

jB)

= mR(�̈ cos ✓ˆiB � �̇✓̇ sin ✓ˆiB + �̇2 cos ✓ sin ✓ˆjB � �̇✓̇ cos ✓ ˆkB + ✓̈ˆjB + �̇✓̇ ˆkA)

= mR(�̈ cos ✓ˆiB � 2�̇✓̇ sin ✓ˆiB + �̇2 cos ✓ sin ✓ˆjB + ✓̈ˆjB)

�mg(sin ✓ˆiB + cos ✓ sin�ˆjB) = mR(�̈ cos ✓ˆiB � 2�̇✓̇ sin ✓ˆiB + �̇2 cos ✓ sin ✓ˆjB + ✓̈ˆjB)

ˆ

iB : 0 = R�̈ cos ✓ � 2R�̇✓̇ sin ✓ + g sin�

ˆ

jB : 0 = R✓̈ +R�̇2 cos ✓ sin ✓ + g cos� sin ✓
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In the following generally applicable equations, C represents the position of the center of mass, B is an

arbitrary point of rotation, Ô is the inertial ground frame, and Â is any arbitrary frame.

Direct Method for Rigid Bodies

Newton’s Second Law:
X

FM = MOaC for OrC =
1

M

ZZZ

V

⇢(OrV )
OrV dV

Euler’s Equations:
X

⌧B
M =

Od

dt

�
OHB

M

�
+M OvB ⇥ OvC for OHB

M = I

B
M

O!B +M BrC ⇥ OvB

Variational Method

Lagrange’s Equations: d

dt

✓
@L
@q̇j

◆
� @L

@qj
= ⌅j for L = T � V and ⌅j =

NX

i=1

F nc
i · @

@qj
Ori

Moment of Inertia

Definition for BrdV = xˆiA + yˆjA + z ˆkA: I

B
M =

ZZZ

V

⇢(BrdV )
⇥
(BrdV · BrdV )13 � (BrdV ⌦ BrdV )

⇤
dV

=

ZZZ

V

⇢(x, y, z)

A 2

64
y2 + z2 �xy �xz

�yx z2 + x2 �yz

�zx �zy x2 + y2

3

75 dx dy dz

Parallel Axis Theorem for BrC = aˆiA + bˆjA + c ˆkA:

I

B
M = I

C
M +M

⇥
(BrC · BrC)13 � (BrC ⌦ BrC)

⇤
= I

C
M +M

A 2

64
b2 + c2 �ab �ac

�ba c2 + a2 �bc

�ca �cb a2 + b2

3

75

Useful moments of inertia about center of mass C with respect to frame Ĉ = (C,ˆiC ,ˆjC , ˆkC) oriented with

the body’s principal axes:

Thin Rod

C

m, l

ˆ

kC

ˆ

iC
ˆ

jC

I

C
m = 1

12
ml2

C 2

64
1 0 0

0 1 0

0 0 0

3

75

Thin Disk

C

m, r

ˆ

kC

ˆ

iC
ˆ

jC

I

C
m = 1

4
mr2

C 2

64
1 0 0

0 1 0

0 0 2

3

75

2
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Problem 1

O

A

k

M

B

r

4r

m

2m

ˆ

I

ˆ

J

g

A mass M is connected to a fixed ceiling by a spring with spring constant k. Mass M is constrained to

move without friction in a vertical shaft strictly in the ˆ

J direction without rotation. Attached to mass M

at point A is a solid pendulum made up of two rigid bodies: a rigid thin rod of mass m and length 4r

rigidly attached to a thin, flat disk of mass 2m and radius r. Note that the pendulum cannot be modeled

as a point mass. Assume the pivot point is frictionless and cannot transfer torque and that all motion

is restricted to the plane. Also, let l0 be the distance from point O to point A such that the spring is

un-stretched.

(a) Define a complete and independent set of scalar generalized coordinate(s) (q1, ..., qn) that fully pa-

rameterize the state of the system. Note that n is the number of degrees of freedom of this system.

(b) Find the ˆ

K ⌦ ˆ

K component of the moment of inertia tensor I A
P · (ˆK ⌦ ˆ

K) for the pendulum about

point A.

(c) Find the equation(s) of motion for this system using the direct method.

(Each question is repeated in the following pages. Please write your answer on the appropriate page)

3
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Problem 2

O

k✓

A

m

l l

M

B
c

x

ˆ

I

ˆ

J

g

A mass M is connected to a fixed wall to the left by a spring with spring constant k, and to a fixed wall

to the right by a dashpot with damping coe�cient c. Mass M is constrained to move without friction in

a horizontal shaft strictly in the ˆI direction without rotation. A point mass m is connected to points O

and B via two rigid, inextensible massless rods, each of length l. Assume pivot points are frictionless and

cannot transfer torque and that all motion is restricted to the plane. Also, let l0 < 2l be the distance from

point O to point B such that the spring is un-stretched. For simplicity, assume that point mass m always

remains above the line of the spring.

(a) How many degrees of freedom n does this system have? Define distance x as the distance B has

moved from the spring’s equilibrium position such that OrB = (l0 + x)ˆI. Also define angle ✓ as the

angle between OA and OB such that OrA = l(cos ✓ˆI+ sin ✓ ˆJ). Are x and ✓ independent variables?

If they are not independent, determine how they depend on each other by finding x = f(✓), ✓ = f(x),

ẋ = f(✓, ✓̇), and ✓̇ = f(x, ẋ).

(b) Find the equation(s) of motion for this system using the variational (indirect, Lagrangian) method.

(*B*) Solve for the force F R that the right massless bar exerts on mass M . Express this force as a function

of the generalized coordinate(s), expressed in terms of the ground unit vectors ˆI, ˆJ, and ˆ

K.

(Each question is repeated in the following pages. Please write your answer on the appropriate page)

4
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Problem 1

(a) Define a complete and independent set of scalar generalized coordinate(s) (q1, ..., qn) that fully pa-

rameterize the motion of this system. Note that n is the number of degrees of freedom of this

system.

This problem is a two degree of freedom problem, thus n = 2. Two natural variables that fully describe

the motion of this system are a variable parameterizing the the linear displacement of vector OrA and a

variable parameterizing angular displacement of the vector ArB.

Define distance y as the distance A has moved from the

spring’s equilibrium position such that OrA = �(l0+y) ˆJ.

Additionally:

Define angle ✓ as the angle between AB and the vertical

such that ArB = 5r(sin ✓ˆI� cos ✓ ˆJ).

5
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Problem 1

(b) Find the ˆ

K ⌦ ˆ

K component of the moment of inertia tensor I A
P · (ˆK ⌦ ˆ

K) for the pendulum about

point A.

Moment of inertia of pendulum about point A is given by tables and the parallel axis theorem:

I

A
P = I

A
bar + I

A
disk =

16

12
mr2

A 2

64
1 0 0

0 0 0

0 0 1

3

75+m4r2

A 2

64
1 0 0

0 0 0

0 0 1

3

75+
1

4
2mr2

A 2

64
1 0 0

0 1 0

0 0 2

3

75+ 2m25r2

A 2

64
1 0 0

0 0 0

0 0 1

3

75

I

A
P =

✓
331

6
mr2

◆
ˆ

iA ⌦ˆ

iA +

✓
1

2
mr2

◆
ˆ

jA ⌦ˆ

jA +

✓
169

3
mr2

◆
ˆ

kA ⌦ ˆ

kA =
1

6
mr2

A 2

64
331 0 0

0 3 0

0 0 338

3

75

I

A
P · (ˆK⌦ ˆ

K) =
169

3
mr2

6
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Problem 1

(c) Find the equation(s) of motion for this system using the direct method.

Define ground reference frame Ô = (O,ˆI, ˆJ, ˆK) and intermediate frame Â = (A,ˆiA,ˆjA, ˆkA ⌘ ˆ

K) which

rotates with the pendulum such that O!A = ✓̇ ˆ

K and ArB = �5rˆjA. Taking Newton’s second law for mass

M :

X
FM = MOaA = M

Od

dt

✓
Od

dt
OrA

◆
= M

Od

dt

✓
Od

dt
(�(l0 + y) ˆJ)

◆
= �Mÿ ˆJ

= FS
ˆ

J� Fg
ˆ

J� FN
ˆ

I+ FRx
ˆ

I+ FRy
ˆ

J

= ky ˆJ�Mg ˆJ� FN
ˆ

I+ FRx
ˆ

I+ FRy
ˆ

J

Projecting in the ˆ

J direction yields:

Mÿ + ky + FRy = Mg

In order to apply Newton’s second law to the pendulum, we must first find its center of mass C.

ArC =
1

MT

ZZZ

V

⇢(ArdV )
ArdV dV =

1

3m

h
m(�2rˆjA) + 2m(�5rˆjA)

i
= �4rˆjA

Taking Newton’s second law for the pendulum:

X
F P = 3mOaC = 3m

Od

dt

✓
Od

dt
(OrA + ArC)

◆
= 3m

Od

dt

✓
Od

dt

⇣
�(l0 + y) ˆJ� 4rˆjA

⌘◆

= �3mÿ ˆJ� 12rm(O!̇A ⇥ˆ

jA + O!A ⇥ (O!A ⇥ˆ

jA))

= �3mÿ ˆJ+ 12rm(✓̈ˆiA + ✓̇2ˆjA)

= �Fg
ˆ

J� FRx
ˆ

I� FRy
ˆ

J

= �3mg ˆJ� FRx
ˆ

I� FRy
ˆ

J

Projecting in the ˆ

J direction yields:

�3mÿ + 12rm(✓̈ sin ✓ + ✓̇2 cos ✓) = �3mg � FRy

Combining underlined equations yields one equation of motion:

(M + 3m)ÿ � 12rm(✓̈ sin ✓ + ✓̇2 cos ✓) + ky = (M + 3m)g

7
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Problem 1

(c) continued...

Taking Euler’s Equations for the pendulum about point A:

X
⌧A
P =

Od

dt
(I A

P
O!A) + 3m


Od

dt
(ArC ⇥ OvA) +

OvA ⇥ OvC

�

Note that pivot point A is not the center of mass and is not stationary in the ground frame, thus the

second term on the right will be non-zero. Only torque about A acting on the pendulum is due to gravity:

X
⌧A
P = ArC ⇥ F g = (�4rˆjA)⇥ (�mg ˆJ) = �12rmg sin ✓ ˆ

K

Thus:

�12rmg sin ✓ ˆ

K =
Od

dt

✓
169

3
mr2✓̇ ˆ

K

◆
+ 3m


Od

dt

⇣
(�4rˆjA)⇥ (�ẏ ˆJ)

⌘
+ (�ẏ ˆJ)⇥ (�ẏ ˆJ+ 4r✓̇ˆiA)

�

=
169

3
mr2✓̈ ˆ

K+ 3m
h
�4r(ÿ sin ✓ + ✓̇ẏ cos ✓) ˆK+ 4r✓̇ẏ cos ✓ ˆ

K)
i

169

3
mr2✓̈ + 12mgr sin ✓ = 12mrÿ sin ✓

Note that the variational method would yield the same equations of motion. There are no non-conservative

forces, thus all ⌅i must be zero.

T =
1

2
M(OvA·OvA)+

1

2
m(OvC ·OvC)+

1

2
O!A·(I C

P
O!A) =

1

2
Mẏ2+

3

2
m[(4r✓̇ sin ✓�ẏ)2+16r2✓̇2 cos2 ✓]+

25

6
mr2✓̇2

V = Mg(OrA · ˆJ) + 3mg(OrC · ˆJ) + 1

2
k(ErA · ErA) = �Mgy � 3mg(y + 4r cos ✓) +

1

2
ky2

L = T � V =
1

2
Mẏ2 +

3

2
m[(4r✓̇ sin ✓ � ẏ)2 + 16r2✓̇2 cos2 ✓] +

25

6
mr2✓̇2 +Mgy + 3mg(y + 4r cos ✓)� 1

2
ky2

8
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Problem 1

(c) continued...

For q1 = y :

Lagrange’s Equations:
d

dt

✓
@L
@ẏ

◆
� @L

@y
= ⌅1 = 0

d

dt

⇣
Mẏ � 3m(4r✓̇ sin ✓ � ẏ)

⌘
� [(M + 3m)g � ky] = 0

(M + 3m)ÿ � 12mr(✓̈ sin ✓ + ✓̇2 cos ✓) + ky = (M + 3m)g

For q2 = ✓ :

Lagrange’s Equations:
d

dt

✓
@L
@✓̇

◆
� @L

@✓
= ⌅2 = 0

d

dt

✓
@L
@✓̇

◆
=

d

dt

✓
48mr2✓̇ � 12mrẏ sin ✓ +

25

6
mr2✓̇

◆

= 48mr2✓̈ � 12mrÿ sin ✓ � 12mr✓̇ẏ cos ✓ +
25

3
mr2✓̈

@L
@✓

= 3m(4r✓̇ sin ✓ � ẏ)4r✓̇ cos ✓ � 3m(16r2✓̇2 cos ✓ sin ✓)� 12mgr sin ✓

= �12mr✓̇ẏ cos ✓ � 12mgr sin ✓

169

3
mr2✓̈ + 12mgr sin ✓ = 12mrÿ sin ✓

9
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Problem 2

(a) How many degrees of freedom n does this system have? Define distance x as the distance B has

moved from the spring’s equilibrium position such that OrB = (l0 + x)ˆI. Also define angle ✓ as the

angle between OA and OB such that OrA = l(cos ✓ˆI+ sin ✓ ˆJ). Are x and ✓ independent variables?

If they are not independent, determine how they depend on each other by finding x = f(✓), ✓ = f(x),

ẋ = f(✓, ✓̇), and ✓̇ = f(x, ẋ).

This problem is a single degree of freedom problem, so n = 1 . Thus, x and ✓ are not independent and

are geometrically related in the following way:

l0 + x = 2l cos ✓ so x = 2l cos ✓ � l0 ✓ = arccos

✓
l0 + x

2l

◆

Taking derivatives yields:

ẋ = �2l✓̇ sin ✓ ✓̇ =
�ẋ

2l sin ✓
=

�ẋ

2l

2lp
4l2 � (l0 + x)2

so ✓̇ =
�ẋp

4l2 � (l0 + x)2

Though it was not asked, accelerations of x and ✓ can also be related by taking an additional derivative:

ẍ = �2l✓̈ sin ✓ � 2l✓̇2 cos ✓ ✓̈ =
�ẍp

4l2 � (l0 + x)2
+

�(l0 + x)ẋ2
p
4l2 � (l0 + x)2

(4l2 � (l0 + x)2)2

10
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Problem 2

(b) Find the equation(s) of motion for this system using the variational (indirect, Lagrangian) method.

Define ground reference frame Ô = (O,ˆI, ˆJ, ˆK). Write down what we know:

OrA = l(cos ✓ˆI+ sin ✓ ˆJ) OrB = (l0 + x)ˆI

OvA =
Od

dt
(OrA) =

Od

dt
[l(cos ✓ˆI+l sin ✓ ˆJ)] = l✓̇(� sin ✓ˆI+cos ✓ ˆJ) OvB =

Od

dt
(OrB) =

Od

dt
[(l0+x)ˆI] = ẋˆI

T =
1

2
m(OvA · OvA) +

1

2
M(OvB · OvB) =

1

2
ml2✓̇2 +

1

2
Mẋ2

V = mg(OrA · ˆJ) + 1

2
k(OrB · OrB) = mgl sin ✓ +

1

2
kx2

L = T � V =
1

2
ml2✓̇2 +

1

2
Mẋ2 �mgl sin ✓ � 1

2
kx2

For q1 = x :

All forces acting on the system are conservative except for the force from the dashpot which removes energy

from the system. Thus:

⌅1 =
NX

i=1

F nc
i · @

@q1
Ori = FD ·

O@

@q1
OrB = (�cẋˆI) · @

@x
[(l0 + x)ˆI] = �cẋ

L =
1

2
ml2

ẋ2

4l2 � (l0 + x)2
+

1

2
Mẋ2 �mgl

p
4l2 � (l0 + x)2

2l
� 1

2
kx2

Plugging into Lagrange’s Equations:
d

dt

✓
@L
@ẋ

◆
� @L

@x
= ⌅1

d

dt

✓
ml2

ẋ

4l2 � (l0 + x)2
+Mẋ

◆
�
 
ml2

(l0 + x)ẋ2

(4l2 � (l0 + x)2)2
+mg

l0 � xp
4l2 � (l0 + x)2

� kx

!
= �cẋ

Mẍ+ml2
✓

ẍ

4l2 � (l0 + x)2
+

(l0 + x)ẋ2

(4l2 � (l0 + x)2)2

◆
+ cẋ+ kx = mg

l0 � xp
4l2 � (l0 + x)2

11
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Problem 2

(b) continued...

For q1 = ✓ :

All forces acting on the system are conservative except for the force from the dashpot which removes energy

from the system. Thus:

⌅1 =
NX

i=1

F nc
i · @

@q1
Ori = FD · @

@q1
OrB = (2cl✓̇ sin ✓ˆI) · @

@✓
(2l cos ✓ˆI) = �4cl2✓̇ sin2 ✓

L =
1

2
ml2✓̇2 + 2Ml2✓̇2 sin2 ✓ �mgl sin ✓ � 1

2
k(2l cos ✓ � l0)

2

Plugging into Lagrange’s Equations:
d

dt

✓
@L
@✓̇

◆
� @L

@✓
= ⌅1

d

dt

⇣
ml2✓̇ + 4Ml2✓̇ sin2 ✓

⌘
�

h
4Ml2✓̇2 sin ✓ cos ✓ �mgl cos ✓ + k(2l cos ✓ � l0)2l sin ✓

i
= �4cl2✓̇ sin2 ✓

ml2✓̈ + 4Ml2(✓̈ sin2 ✓ + ✓̇2 sin ✓ cos ✓) + 4cl2✓̇ sin2 ✓ +mgl cos ✓ = 2kl(2l cos ✓ � l0) sin ✓

12
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Problem 2

(*B*) Solve for the force F R that the right massless bar exerts on mass M . Express this force as a function

of the generalized coordinate(s), expressed in terms of the ground unit vectors ˆI, ˆJ, and ˆ

K.

The direct method can help us solve for internal reaction forces. Note that because the rigid rods are

massless, the sum of the torques on them must be zero, and, since no torques act at either pivot the

reaction forces at either end must be collinear with the rod. Taking Newton’s second law for mass M :

X
FM = MOaB = M

Od

dt

✓
Od

dt
OrB

◆
= M

Od

dt

✓
Od

dt
(l0 + x)ˆI

◆
= MẍˆI

= FN
ˆ

J� Fg
ˆ

J� FS
ˆ

I� FD
ˆ

I+ F R

= FN
ˆ

J� Fg
ˆ

J� kxˆI� cẋˆI+ FR(cos ✓ˆI� sin ✓ ˆJ)

Projecting in the ˆI direction yields:

FR cos ✓ = Mẍ+ cẋ+ kx

Thus:

F R = (Mẍ+ cẋ+ kx)(ˆI� tan ✓ ˆJ)

For q1 = x :

F R = (Mẍ+ cẋ+ kx)

 
ˆ

I�
p

4l2 � (l0 + x)2

l0 + x
ˆ

J

!

For q1 = ✓ :

F R = [M(�2l✓̈ sin ✓ � 2l✓̇2 cos ✓) + c(�2l✓̇ sin ✓) + k(2l cos ✓)]
⇣
ˆ

I� tan ✓ ˆJ
⌘
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Problem 1 (30 Points)

C

M

R

m P

r ✓
Î

Ĵ

K̂

g

A uniform cylinder of mass M , radius R and length L has a small point mass m attached to its circular

base at a distance r from the center. The cylinder rolls without slip along a horizontal plane in the Î

direction in the presence of gravity �g Ĵ.

(a) (10 points) Find the non-linear equation of motion of the system in terms of the angle of rotation ✓.

(b) (10 points) Find the static equilibrium positions and analyze their stability.

(c) (10 points) Linearize the equation of motion around stable equilibria and determine the natural

period of oscillation Tn.
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(a) (10 points) Find the non-linear equation of motion of the system in terms of the angle of rotation ✓.

Either the direct or indirect method can be used to solve for the equation of motion. Indirect yields:

L = T � V =
1

2
MOvC · OvC +

1

2
I ✓̇2 +

1

2
mOvP · OvP �mOrP · g

OvC = �R✓̇ Î OvP = �R✓̇ Î+ r✓̇(cos ✓ Î+ sin ✓ Ĵ) OrP = �R✓ Î+R Ĵ+ r(sin ✓ Î� cos ✓ Ĵ)

L =
1

2
MR2✓̇2 +

1

2


1

2
MR2

�
✓̇2 +

1

2
m✓̇2[(R� r cos ✓)2 + r2 sin2 ✓]�mg(R� r cos ✓)

L =


3

2
MR2 +m(R2 + r2 + 2rR cos ✓)

�
1

2
✓̇2 �mg(R� r cos ✓)

d

dt

✓
@L
@✓̇

◆
� @L

@✓
= ⌅✓ = 0 No non-conservative forces


3

2
MR2 +m(R2 + r2 � 2rR cos ✓)

�
✓̈ +mgr sin ✓ = 0

3
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(b) (10 points) Find the static equilibrium positions and analyze their stability.


3

2
MR2 +m(R2 + r2 � 2rR cos ✓)

�
✓̈ +mgr sin ✓ = 0

Static equilibrium when ✓̈ = ✓̇ = 0, thus when sin ✓ = 0, yielding:

✓eq = 0 + n⇡ 8 n = . . . ,�2,�1, 0, 1, 2, . . .

For n even, the system is stable . For n odd, the system is unstable .

4
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(c) (10 points) Linearize the equation of motion around stable equilibria and determine the natural

period of oscillation Tn.

f(✓)✓̈ + h(✓) = 0 f(✓) =


3

2
MR2 +m(R2 + r2 � 2rR cos ✓)

�
h(✓) = mgr sin ✓

✓eq = 0 + n⇡ 8 n = . . . ,�2,�1, 0, 1, 2, . . .

Linearization around equilibria given by f(✓eq)✓̈ + h0(✓eq) = 0, thus for n even:


3

2
MR2 +m(R� r)2

�
✓̈ +mgr✓ = 0

while for n odd (unstable): 
3

2
MR2 +m(R + r)2

�
✓̈ �mgr✓ = 0

Natural frequency !n of stable system is:

!n =

r
k

m
=

r
mgr

3
2
MR2 +m(R� r)2

Tn =
2⇡

!n

= 2⇡

s
3
2
MR2 +m(R� r)2

mgr

Using parameters � = R/r for � > 1 and µ = M/m, natural period becomes:

Tn = 2⇡

r
r

g

r
(� � 1)2 +

3

2
µ�2

5
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Problem 2 (15 points)

X(!) = F0p
(k�m!2)2+(c!)2

! [rad/s]

X(!) [m]

0 1 2 3 4 5 6 7 8 9
0

1

2

3

4

We apply a known oscillatory force F (t) = F0 cos(!t) with F0 = 9 N to an unknown system at twenty-one

di↵erent known frequencies ! from 0 to 10 rad/s. The amplitude of the steady state response of the

system for each ! is plotted above. Assume the system behaves as a second order linear system of the

form mẍ+ cẋ+ kx = F (t).

(a) (8 points) Estimate the physical values of m, c, and k for this system.

(b) (7 points) Write down and sketch the unforced response (F0 = 0) of this system with initial conditions

x(0) = 1 and ẋ(0) = 0.

6
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(a) (8 points) Estimate the physical values of m, c, and k for this system.

X(0 rad/s) = 3 m =
F0

k
=

9 N

k
k = 3 N/m

!n =

r
k

m
=

r
3 N/m

m
⇡ 4 rad/s m ⇡ 3

16
kg

X(4 rad/s) = 4 m =
F0p

(k �m!2)2 + (c!)2
c ⇡ 9

16
kg/s

7
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(b) (7 points) Write down and sketch the unforced response (F0 = 0) of this system with initial conditions

x(0) = 1 and ẋ(0) = 0.

!n ⇡ 4 rad/s ⇣ =
c

2
p
mk

⇡ 3

8

x(t) = e�⇣!nt[A sin(!dt) + B cos(!dt)] for !d = !n

p
1� ⇣2

x(0) = 1 B = 1 ẋ(0) = 0 A = � ⇣p
1� ⇣

x(t) = e�⇣!nt


cos(!dt)�

⇣p
1� ⇣

sin(!dt)

�
for !d = !n

p
1� ⇣2

t [s]

x(t) [m]

1

0

8
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Problem 3 (25 points)

O
l

2l

m

k
O0

l

2l

m

3l

Î

Ĵ
g

Two identical pendulums made of massless rigid rods of length 3l and point masses of massm are connected

at a distance l from their frictionless pivots O and O0 by a spring k such that the spring is un-stretched

when both pendulums are vertical. Let ✓1 and ✓2 measure the angles of rotation of the left and right

pendulums respectively in the counter-clockwise direction from the vertical positions shown.

(a) (10 points) Find the linear equations of motion for small motions of this coupled two-degree of

freedom system in ✓1 and ✓2 for small deviations from ✓1 = ✓2 = 0. The solution will be of the form

below. What are the values of the constants? (Hint: Assume for small motions that the spring force

will be horizontal along the Î direction)

"
m1 0

0 m2

#"
✓̈1

✓̈2

#
+

"
k1 k2

k3 k4

#"
✓1

✓2

#
=

"
0

0

#

(b) (15 points) Solve for the natural modes of vibration for this system and the natural frequency

associated with each mode.

9
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(a) (10 points) Find the linear equations of motion for small motions of this coupled two-degree of

freedom system in ✓1 and ✓2 for small deviations from ✓1 = ✓2 = 0. The solution will be of the form

below. What are the values of the constants? (Hint: Assume for small motions that the spring force

will be horizontal along the Î direction)

"
m1 0

0 m2

#"
✓̈1

✓̈2

#
+

"
k1 k2

k3 k4

#"
✓1

✓2

#
=

"
0

0

#

Euler’s equation for each pendulum around its fixed point of rotation for small ✓, so sin ✓ ⇡ ✓:

X
⌧O = �kl(l✓1 � l✓2)�mg(3l✓1) =

Od

dt

�
Orm ⇥mOvm

�
= m(3l)(3l✓̈1)

9ml✓̈1 + (kl + 3mg)✓1 � kl✓2 = 0

X
⌧O0

= �kl(l✓2 � l✓1)�mg(3l✓2) =
Od

dt

�
Orm ⇥mOvm

�
= m(3l)(3l✓̈2)

9ml✓̈2 + (kl + 3mg)✓2 � kl✓1 = 0

m1 = m2 = 9ml k1 = k4 = kl + 3mg k2 = k3 = �kl

10
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(b) (15 points) Solve for the natural modes of vibration for this system and the natural frequency

associated with each mode.

Assume solution of the form: "
x1

x2

#
=

"
a1

a2

#
sin(!t+ �)

 
�!2

"
m1a1

m2a2

#
+

"
k1 k2

k3 k4

#"
a1

a2

#!

⇠⇠⇠⇠⇠⇠
sin(!t+ �) =

"
0

0

#

a1
a2

=
�k2

k1 �m1!2
=

k4 �m2!
2

�k3

k2k3 = (k1 �m1!
2)(k4 �m2!

2)

m1m2!
4 � (m1k4 +m2k1)!

2 + (k1k4 � k2k3) = 0

!2 =
(m1k4 +m2k1)±

p
(m1k4 +m2k1)2 � 4m1m2(k1k4 � k2k3)

2m1m2

m1 = m2 = 9ml k1 = k4 = kl + 3mg k2 = k3 = �kl

!2 =
kl + 3mg ± kl

9ml
!1 =

r
g

3l
!2 =

r
2k

9m
+

g

3l

a1
a2

=
kl

kl + 3mg � 9ml!2


a1
a2

�

1

= 1


a1
a2

�

2

= �1
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Problem 4 (30 points)

✓0
k

c

M1
m, r

M2 F (t)

Î

Ĵ

g

Two masses, M1 and M2, slide on massless rollers in a bent track such that they cannot rotate with respect

to the track. They are connected via an inextensible massless string which wraps without slip around a

circular pulley of uniform density, mass m, and radius r. M1 is connected to a fixed wall to the left by a

spring k and a dashpot c. M2 moves along a track rotated by a fixed angle ✓0 and moves under an applied

external horizontal force F (t) Î and gravity �g Ĵ. For simplicity, assume that we only consider motion for

which the string is under tension.

(a) (5 points) How many degrees of freedom n does this system have? Define a complete and independent

set of scalar generalized coordinate(s) (q1, ..., qn) for this system.

(b) (10 points) Write down the Lagrangian for this system.

(c) (10 points) Write down the generalized force(s) associated with each generalized coordinate for this

system.

(d) (5 points) Find the equation(s) of motion for this system.

12



2.003J Spring 2011: Dynamics and Control I Final Exam
Massachusetts Institute of Technology 9:00am-12:00pm
Department of Mechanical Engineering May 16th, 2011

(a) (5 points) How many degrees of freedom n does this system have? Define a complete and independent

set of scalar generalized coordinate(s) (q1, ..., qn) for this system.

This problem is a one degree of freedom problem, thus n = 1. A natural variable that fully describe

the motion of this system is a variable parameterizing the linear displacement of M1 from the spring’s

un-stretched postion.

Define distance x as the distance M1 has moved from the

spring’s un-stretched position.
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(b) (10 points) Write down the Lagrangian for this system.

T =
1

2
M1ẋ

2 +
1

2
M2ẋ

2 +
1

2

✓
1

2
mr2

◆✓
ẋ

r

◆2

V =
1

2
kx2 �M2gx sin ✓0

L =
1

2

✓
M1 +M2 +

1

2
m

◆
ẋ2 � 1

2
kx2 +M2gx sin ✓0
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(c) (10 points) Write down the generalized force(s) associated with each generalized coordinate for this

system.

⌅x =
NX

i=1

F nc
i · @

@x
Ori = �cẋ+ F (t) Î · (cos ✓0 Î� sin ✓0 Ĵ) = �cẋ+ F (t) cos ✓0
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(d) (5 points) Find the equation(s) of motion for this system.

d

dt

✓
@L
@ẋ

◆
� @L

@x
= ⌅x

✓
M1 +M2 +

1

2
m

◆
ẍ� (�kx+M2g sin ✓0) = �cẋ+ F (t) cos ✓0

✓
M1 +M2 +

1

2
m

◆
ẍ+ cẋ+ kx = M2g sin ✓0 + F (t) cos ✓0
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