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Abstract— We uncover the mechanism in which multiple
modes emerge due to slow TF (transcription factor)-gene
binding/unbinding with low molecular counts. We study a
generic GRN and the associated master equation using time
scale separation. We show analytically that in the limit of
slow binding/unbinding the stationary distribution can be
decomposed into a mixture of Poisson distributions. This offers
a mathematical framework to explain phenomena such as non-
genetic population heterogeneity and transcriptional bursting.
The results are applied to examples including toggle switches
and the pluripotency network.
Keywords — Chemical Master Equation, Singular Perturba-
tions, Gene Regulatory Networks.

I. MOTIVATION

Stochasticity in GRN’s is a source of phenotypic variation

among genetically identical (clonal) populations of cells or

even organisms [1], and is considered to be one of the

mechanisms facilitating cell differentiation and organism

development [2]. This phenotypic variation may also confer

a population advantage when facing fluctuating environments

[3]. Stochasticity due to randomness in cellular components

and transcriptional and translational processes have been

thoroughly researched [4].

A common assumption in gene expression models is that

TF-gene binding is significantly faster than the rate of protein

production and decay. However, it has been proposed [4]

that the emergence of new modes in stochastic systems in

addition to those that arise from the deterministic model

might be due to low gene copy numbers and to slow promoter

kinetics, which means that process of binding and unbinding

of transcription factors (TFs) to promoters is slow. Thus, the

emergence of multi-modality may be due to the slow TF-

gene binding and unbinding, especially in the case of eukary-

otic cells, which involve a more sophisticated transcription

machinery than prokaryotes. For example, the presence of

nucleosomes makes binding sites less accessible to tran-

scription factors and therefore TF-gene binding/unbinding is

modulated by the stochastic process of chromatin opening

[5], [4].

II. RESULTS

In this work, we first introduce a formalism to

model GRN’s with arbitrary numbers of genes, based on

continuous-time Markov chains, and we let the kinetic rate
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constants of the TF-gene binding and unbinding reactions ap-

proach zero and compute the stationary solution by applying

the method of singular perturbations to the master equation.

Our main result is based on partitioning the state space

into weakly-coupled ergodic classes which, in the limit

of slow binding/unbinding, results in the reduction of the

infinite-dimensional Markov chain into a finite-dimensional

chain whose states correspond to ideal “gene states”. In

this limit, there exists non-negative weighting coefficients

λd, d = 0, .., L− 1 such that the marginal distribution π(x)
of the protein count vector X(t) can be written as:

π(x) =

L−1∑

d=0

λdπd(x) =

L−1∑

d=0

λd

N∏

i=1

Paid
(xi),

where L is number of genetic states, d = 0, .., L − 1 are

the “gene states”, aid is production ratio, and Pa(x) is a

Poission distribution with mean a.

Unlike deterministic systems, we show that the number

of modes is independent of whether the TF binding is co-

operative or no. However, we show that cooperative binding

gives us extra degrees of freedom for tuning the weighting

coefficient λd’s in the above formula.

The proposed framework enables us to compute the num-

ber of modes, their locations, and their weights in the

mixture. Hence, the proposed framework can be applied to

GRNs to predict the different phenotypes that the network

can exhibit with low gene copy numbers and slow promoter

kinetics and can also be used for design.

III. APPLICATIONS

The proposed framework is applied to a self-regulating

gene, the classical toggle switch, coupled toggle switches and

a pluriopotency network motif. We show that our analysis

offers new insights into the behaviour of the network at slow

gene binding/unbinding limit.
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